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Abstract:
Bounds on the probability of error in Term of generalized Renyi’s for two class cases are obtained. These bounds are valid

for 0 < a < 1 and a = 2. The obtained result had more significant, because Renyi’s entropy gave better result for higher
order, i.e. fora > 1.

1. Introduction

Consider two finite probability distribution p = (p1, p2, p3, ---..... , Pn)s
n n
P20, > p=land Q=(t, 0y, Uy, ervvverrneee .Gy), 6,20, D g, =1
i=1 i=1
Shannon’s Entropy (1948) and its generalization, I.e. Inaccuracy is given by
H(P)=—>'p logp, ... (1.1.2)
i-1
H(P//IQ=->p logg, ... (1.1.2)
i-1

In (1.1.1), and (1.1.2), if H(P) and H(P//Q) is replaced Entropy (1961), i.e.,

R, (P):(ﬁj og> pe,axla>0 ... (L.1.3)

i=1

R, (P//Q):[lijlogz DG, axl a>0 .. (1.1.4)
—-a i-1

From (1.1.3),
1-a)R, (P)=log > pf
i=1

oI=2)Ry (P) :_%1 o (1.1.5)
i=

If we replace P by Q in above, then

_ n
2(1 a)Ra(Q) :Zlqla ..... (116)
1=
Adding (1.1.5) and (1.1.6), we get,

1 1
—_ 2(1_0‘)Ra(p) 2(1_0‘)Ra(Q) = —
7 + I=3

n n
Zp{"+zq{"l

i=1 i=1
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M2 (P//Q)= ( jlog{ AR A <Q>}}

:(11 }Iog{ {z i+ 3 H ..... 117)

(1-a)R, (P//Q)=log Z( e )
i=1
2 (1-2)R, (P/IQ) =i( pla qi]__a)

i=1

Let,

From (1.1.4),

-a)r,[PHPQ]  n 1 e
( 2 ]: (pla {E(pi"'qi} J ..... (1.1.8)
i-1

P+Q 1-a
Similarly we have, ~ 20-ORe(@/57) = ?zl(qia{%(pi+qi)} ) e (1.1.9)

Adding (1.1.8) and (1.1.9), we get,

1 [2(1—a)R (P//P+Q]+2(H)R (Q//P+Qj:|

2

:%h[p {%(loi +qi)}l+a] + zl:(q {%(pi +0 }1H
e

Ay AL
l-a 2

o)

Let,

M; (P1/Q)= ( L Jlog{l {2(1_06“ (P”m) +2(1—a)R (Q//P+Q):|]

2

_ (1 1aj|og [ZL‘[{ pr ;qia H P ;qi }HB; azla>l .. (1.1.10)

Since, logarithmic function is positive, hence, Rq(P) also positive. So both M (P //Q) and M2 (P //Q), for all o #

1, a > 0 are guaranteed non negative . The aim of this chapter is to present probability bounds on the error by taking
equation (1.1.7) and (1.1.10) into consideration.

1.2 Error Probability for case ki and k2
Let we have a priori probability p1 = p(k1), i = 1, 2 with two case ki and ko . Let a class conditional density function p(z/k1)

have the feature z on Z. we calculate the conditional probability p(K/z) of K = k;, i = 1, 2, By Bayes rule. The minimum
possible probability of error is given by
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Pezj min{p(z/k )p3dz, i =12 = j P.(z)p(z)dz,

where,
Pe(z):min{p(kllzl)’ p(kz / Z)}’ p(z): Py p(Z/k1)+ P, p(Z/kz)a
plp(Z/kl): p(Z) p(kl/Z)l and P, p(Z/kz): p(z) p(k2/Z),

Generalization of M* ~(P/1Q) and Mj (P//Q), in term of the prior probability for the two class case, is given by,

1_—I0g {[ P2/ dz + [ p(z/k,)* dzf =1, a>0

Rl el
RN GG G 0 Y R

l-o 2 2

(e el (e ()]

More general way of, defining these measure is as follows:

Y z )
L jplpz[kj dz+jp2p(kj dz
( )Iog ! 2 a#1,a>0

l-« 2
M. (P, P)=
{ Jp(kzjdz}log{f (kijdz}—{jp( ]dz}log{fp(%}dz};aﬂ .(L.2.0)
( 1 jlog['({((plp(zlkl))“-p(pzp(Z/kZ)) X{plp(”kz)wzp(”kz)}ladzH
l-« 2 >
Mj(pl’ p2)= o

ol o] o

1
putting P, = P> :E in equation (1.2.1) and (1.2.2)

L1 ) J‘(p(Z/kl))adz+J(p(Z/kz))adZ
M1( j:( jlog 2 2 ra#l, a>0

= ! log ;a#l, a>0
l-«a 2

30



Journal of Survey in Fisheries Sciences 10(3) 28-33 2023

LG

=( 1 ]Iog
1-«a 2

=M’ +(1ij; a#l, a>0 ..(1.23)

-

) L [p@erk)  p@ik))
Mi(l’ljz[ijmg I{( p(Z/Zl)J +[p(2/k2)j }x 2 2 dz |a#1, a>0
2 2 l-« 2 2 2

1

— /k “ /k « 1-a l-a
:(leog j (2) ((p(z/k)) +((p(z/k,)*) X(%) {p(z/kl);p(zlkz)} o
(94

2 2

+[leog(lj:Mj+£LJ;a¢1,a>0 ..(1.2.4)
l-a 2 l-a

We can write, by Bayes rule,

Mi (p:L' pz)z[

:(Lj log H((p(z k)" +((p(z/ kz)“)} { p(z/k)+ p(z/kz)}“’ dz]

1_aj|og[hv|;(z) p*(2)dz |; >0 ..(1.2.5)

M2 (p,, p,) :(ij log D M2(z) p(z)dz]; a>0 ..(1.2.6)

l-o

m: (=2 ()

Where,
L]za—a)

(el e
(ol 2 o)

and

H (KIZ=2)=

From equation (1.2.5)

M;(p1 P,) =(ﬁ) log [J Mi (2) p“(z)dz] :(ﬁjmg U D(t-a)H, 9K /(Z=2) p“(z)dz]
:(Lj log {f gt el e ol (z)dj
l-«o
=(ﬁjlog [I(p“(kllz)+ p“(k,/2)) pa(Z)dZJ (12.8)

:(ﬁjlog[f (pp“(z/k)+ p,p" (2/k,))dz |
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z(ll jIOQUM (z) p* (Z)dZ] a >0, Similarly from equation, (1.2.6)

1

MZ2(p,, p,) :(Ej log [I M2(z) p(z)dz] =(gj log |:2(1—a)H“(K//(Z:Z))21ﬂz p(z)dz]

:(1_ jlog{lea)& 2l ‘kZ’ZJJf}

(ﬁjlog{f[p [kz j+ P [k ﬂz(a ? p(Z)dZ} . (1.2.9)
Z[LJ'OQ{I ( P*(@)p (/T 2)+ p(2) Pk, f zﬂ( p(2) ] dj
l-a 5 5

_( 1 jlog[j[ pp (1K) + p,p“(2/K) _pup(z/ )+ pzp(zlkz)jla dZ]

2 2

:(ﬁ]log(! M2(2) p(z) dz)
From (1.2.8),

M (P, p,)= [11 jlog[!(p (%} pa[k_zz)j pa(z)dz:Ha(gﬂ...(1.2.10)

From (1.2.9),
M2 (p,, pz){ﬁjlog(f{p (kz j+p [k j}z 2 p(z)dzj

=($jlog[f{p [k j+ p (k j} p(z)dz){1 ajlog 272
- H(§j+(i‘__‘jj “H, (;}(ﬁj—x >0 ... (1211)

But Bassat (1978), Devizver (1977), and Taneja (1983) defines,
2P, < Ha(;jsHa(Pe,l— P) . (1.2.12)

>MZ2(p,, p,) 0<a<l, a>2

From equation (1.2.10) and (1.2.11) M} (p,, p,)=
Y =M2(p, p,) l<a<?

The expressions (1.2.5) — (1.2.12) gives the following bounds:

(@) In Posterior probabilities terms:

1 1
1_(1J+M§(p11 pz) 1_(1)+Mi(p11 pz)
1) P< - 5 < —a 5 1 0<a<l, a<?

@ (1—Ha{Pe,1—pe})s[[ij—M§<pl,p»js[[l_laj My pz)] 1<a<2

(b) In prior probabilities terms:
2 1
@ e BMa ) [2M G a1 g
2 2
{

P, 1-PH<(-M2)<(~{l+M1}):1< @ <2

e
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3. Conclusions
Thus, bounds for error probability have been obtained for two class case, and valid for 0 < a. < 1 and a > 2. The inequality

M (p,, p,) and MZ(p,, p,) have negative sign for the value 1 < o < 2. The obtained result had more significant,

because Renyi’s Entropy for higher order, i.e. for o > 1, gives better result.
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