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ABSTRACT

The main aim of this article is to introduce a new class of sequence  spaces
25(M,9,9),26 M, g,9),26M, g,q), m;>(M, g,q), m3(M,g,q) where q = (q;), a sequence of positive real numbers.
We use Zweier transform, an Orlicz function and a bounded sequence of positive real numbers to study the above spaces.
We have studied some algebraic and topological properties and also proved some inclusion relation regarding these new
spaces.
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1 Introduction

The generalization of statistical convergence was introduced as an ideal convergence by P.Kostyrko et al, Salat and
Wilczynski [1]. Later on it had been studied, on paranormed Zweier ideal convergent sequence spaces defined by Orlicz
function by Bipan Hazarika, Karan Tamang, B.K.Sing[11]. Motivated by this fact, the concept of Zweier ideal statistical
convergent sequence spaces that are defined by Orlicz function is introduced in this paper . In this paper the Ideal
statistical convergent is denoted by IS convergent . Throughout the paper W denote the vector space of all sequences.
Sengonul[2] introduced the Zweier sequence spaces z and zo as follows

z={x = (xx) € W:Zax € c} and zp = {x = (xx) € W: Zax € co}

2 Preliminaries
Definition 2.1.[17,19] Let X be a linear space, A function g: X — R is called paranorm if
e glx)=0forallxeX.
o g(—x)=g(), forall x € X.
o g(x; +x;) < g(xy)+g(xy), forall x;,x, € X.
o If (4,) isasequence of scalars with A,, = 1, asn — o and x,,, a € X with x, —» a asn — oo in the sense that
g(x, —a) » 0as n - oo, then 1,,x,, = Aya asn — oo, in the sense that g(1,,x,, — 1;a) = 0 asn — oo.

A paranorm g for which g(x) = 0 implies x = 0 is called total paranorm and the pair (X, g) is called a
total paranormed space.

Definition 2.2. Let X be a non empty set. Then a family of set I < 2X (power sets of X) is said to be an ideal on X if and
only if
o PEIL

e [isadditive,i.e. ABEI=>AUBEIL
e [ishereditary,ie. AELBcA=BEI

Definition 2.3. Anideal I € 2% is called non trivial if I # 2%

Definition 2.4. A non trivial ideal I 2% is called admissible if I 2 {{x}: x € X}.
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Definition 2.5.[16] Let I < 2Y be a non trivial ideal in N. A sequence (x;) is said to be I- Statistically
Convergent to 4 in X, 9), if for every e>0 and every & => 0,

{n € N:%|{k <snig(x,—Q¢) =¢}| = 5} €.  is called (g,I) - statistical limit of the sequence (x;) and
we write (g,1) — st limx,, = .

Definition 2.6. [16] A sequence x = (x;) is said to be I- Statistically cauchy in (X, g), if for
every € > 0 andevery § > 0, there existsanumber N = N(¢) such that ,

{nEN [{k < n: g(xk—xN)>e}|>8}EI

Definition 2.7. A function M: [0, «0) — [0, o) is said to be an Orlicz function , which is continuous, non
decreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) —» o as x - .

Nakano[17] and Musielak[18] and others have defined and discussed a modular function that replaces the
convexity of Orlicz function M with M(x + y) < M(x) + M(y).

Remark 2.8.

1. If Misan Orlicz function, then M (Ax) < AM(x) forall Awith0 < A < 1.

2. Ifaconstant k > 0 exists, an Orlicz function M can be said to satisfy A,- condition for all values of u if
M(Lu) < kLM (u) for all values of L > 1[3].

3. The sequence space I, = {x EW: X, M('x"l) < oo for some p > 0} was constructed by Lindenstrauss and Tzafriri
[4] used the idea of Orlicz function.
4. The space [, becomes a Banach space with the norm ||x|| = inf {p > 0: X3 1M('x"l) < 1}. Which is called an

Orlicz sequence space.
5. The spaces [, and [, are closely related as each is an Orlicz sequence space with M (t) = t? for 1 < p < o.

Later on Orlicz sequence spaces were investigated by Parashar and Chaudhary [5], Esi [6], Tripathy et al [7],
Bhardwaj and Singh [8], Et[9] Esi and Et[10], Hazarika et al [11] and many others.

e Definition:2.9. A sequence space S is said to be solid (or normal) if (arx;) € S Whenever (x;) € S
and for all sequence (ay) of scalars with |a,| < 1 forall k € N.
o Let K = {k1i < k2<...} ©cNand let S be a sequence space. A K- step space of S is a sequence

space A = {(xx,) € W: (kn) € S}

Definition 2.10.[13] Let (xx) and (yi) be two sequences. We say that x, = y, for almost all k relative
tol (aa.kr.l),if {k € N:x, # yi} € L.

Lemma 2.11 [15] Let k e F) and M € N. If M ¢ I then M NK €& I.
Lemma 2.12.[13] The sequence space S is solid implies that S is monotone.

3 Main Result

Throughout the article z'5, 2, zL5 represents Zweier 1S- convergent, Zweier 1S-null, Zweier 1S bounded sequence
spaces respectively.

In this article, we introduce following class of sequence spaces:

z5(M, g, CI)={X=(Xk)i{n‘EN:ll{k<n:[M(g(Z%;#) ane}l 28}61forsomep>0,L€(C}.

(ng)_{x_(xk){nEN_l{k< [M((qu)") >s}|26}elforsomep>0,Le(C}.
#5(M,9,9) = {x = @):{n e N:2 |tk < m: [M(g(qu)") > k}| = 6} € I for some k > 0.

Also we write m‘S(M 9.qQ) = Z’S(M 9,9 Nz5M,g,q) and
m(M,g,q) =z (M, g,q) Nz (M, g, q), where g = (q,) is a sequence of positive real numbers.

Lo (M, 9,0) = (x = () € W2 [sup [ (“222)[ ™ | < e
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Theorem 3.1. The class of sequences z'°(M, g, q),z¢ (M, g,q), m*(M, g,q) and mi5(M, g, q) are linear spaces.

Proof. We shall prove the result for the space 2/5(M, g, q). Let x = (x,),y = (yi) € 2°(M, g, q) and let «, B be scalars.
For given € > 0 and every & > 0. We have

A ={x=@:{neNi|k <m: M (%)]%zg}ms}ezforsome L, € C).

((Z9y)n—L2)
4, ={y = @i {n € N:2 e < s (1 (22D jan > 2| > 6} € 1 for some L, € CJ.
Let p = max{2|alp,, 2|Blp,}. Since M is non decreasing and convex function, we have

qn an
M (g(a(qu)n + B(Zq;])n) —(aL, + ,BLz))]qn < [M (g(a((ZqZ)n — Ll)))] N [M (g(ﬂ((Zq};)n - Lz)))]

< [M (g((qu)n_Ll))] [ (g((qu)n—Lz))]
an
>

(o€ -2 fi < o (20100 B2 = (el 4 ELZ))] 1> )

< fne g s m [ (LEDm I 2 5y 2
U{neN {k<n[M(W)r 2§}|26};A1que1.

Therefore (a(Z9x),, + B(Z%y),) € 2°5(M, g, q). Hence 25 (M, g, q) is a linear space. The proof for other spaces will
proceed in the same manner.

Theorem 3.2. The spaces m;*(M, g,q) and m;> (M, g, q) are paranormed spaces, with the paranorm
an
g'x) = inf{pﬁ:% |Sup, M (@)l < 1, for some p > 0}, where H = max{1, Sup,q,}.

Proof: Clearly g'(—x) = g'(x) and g’(8) = 0. Let x = (x;,) and y = (v, be two elements in mIS(M, g, q).
Now for p,, p, > 0, we denote A, = {pl:% |Sup, M (@)l <1} and
1

A, = {pz:% |Sup, M (%) | < 1}. Let us take p = p; + p,. By the convexity of Orlicz functions M, we get

M (g(Zq(X+y)n)) <Py (g((qu)n)) 4P M(g((qu)n) (g((Zq(xw)n))
P T p1tp2 ; p1 p1tp2 p2 P
g (x+y)= inf{(P1 +p)H:pr EAypy € Az} = inf{P17:P1 €A }"‘ inf {Pz P2 €A } 9'x)+9 ).
Let t™ — L, where t™,L € Cand let g'(x™ — x) - 0 as m — oo,
To prove that g'(t™x™ — Lx) — 0 as m — oo, we put
1 Z9x™),
Ay = (P > 0:2 |Sup, [M (%)]m <1}, and
9UZax™—x))n)
[m (L))

) which in terms give us = |Supn | <1and

A, ={ps > 0:%|Supn M 4n| < 1}. By the continuity of M, we observe that

y (g(zq(tmxm - Lx)n)> <SM (g(zq(tmxm - Lxm)n)) M( 9@I(Lx™ — Lx)) )
gem — L)pm+g(L)ps( - )g(tm — L)pm+g(L)ps g™ = L)pmg(L)ps
g™ — L)npp 9((Z9x™)y) g(L)ps g(Zx™ — x),)
= (g(t’“ - L)pm+g(L)ps> ( Pm )+ <g(tm - L)pm+g(L)ps> < Ps )

gZa(t™x™ - Lx)y)
g™ = L)pm+9gL)ps

dn
g'(mx™ — Lx) = inf{[(g(t’" — L)) pm + gWps] "5 pm € Az, ps € A4}

< max {1, g™ — L)qH_n}g’(xm) + max {1, (g(L))(L_n}g’(xm - x).

Note that g'(x™) < g'(x) + g’'(x™ — x) for all m € N. Hence the right hand side of the above relation tends to
zero as m — oo. This completes the proof.

%|Sup [M( )” < 1and consequently,

Theorem 3.3. m!S(M, g, q) is a closed subspace of I, (M, g, q).
Proof. Let (x,((i)) be a Cauchy sequence in miS(M, g,q) such that x® — x. We show that x € m!S(M, g,q) . Since

: {k <n: [M (g—((quf)n’“i)> " > e}

> 6} € 1. We need

(x,((i)) € miS(M, g, q), then there exists a; such that {n € N:

to show that

1. (a;) convergestoa
(a;) g 556
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2. IfU={x=xk:{neN:%|k§n:[M(@) qn<e}| } then U€ € I.

(1) Since (x,ii)) is a Cauchy sequence in mlS(M, g, q) then for a given € > 0 and every & > 0, there exists k, € N

! a@ixpn=(zt) \|™ e ) .
such that ~|sup M f" <3|z 6, forall i,j>k,. Foragivene > 0andeverys >0,
29x}) —(z9x) n
we have BijzineN:% {k <n: M(g(( Xk) ( xk) )) <§ }|>6}
i 149n
Zx; ) —a; )n
Bi={neN:tlk<n o (( k) SHEL)
1qn
g \(Z% a; )
B; = neN:%{kSn:M (( k) = % | = 6}
Then Bf; , Bf, Bf € I. Let B = Bf; U Bf U Bf, where B = {n €N:- [M( gla “f)>] e}‘ > 5}.
Then B€ € I we choose n, € B¢, then for each i, j = n,, we have
e witffiesm n (PL2)]" < 2 o]
. dn
g \(Z%;) —a;)
> neN:%kSn:M ( ""p) D) == 8}
g ((z7xl) —(zx]
N neN:%{kSn: M (¢ k)"p (z05),) <z (=8
a((@)-apa)\[" :
Nn{n e N:= {k<n P E— <3 | =6}. Then (a); is a Cauchy

sequence of scalars in C and so there exists a scalar a € C such that a; — a as j — .
_ dn
(2) Let 0 < <1 be given. We show that if U = {x = (xk):{n € N:%lk <n [M (M)] < Z}| > 6},
then U°¢ € I. Since x® — x, then there exists q, € N such that

29x9°) —(z9%0,)\]™" H
P={ne N:l|{k <n: [M (g (o) -2 )>] <(&)1= 5} ————— (1) which implies P¢ € I,
n p 3D
The number g, can be so chosen that together with equation (1), we have
H
Q={neN: —|{k <n [M(m)] < (%) | > 6}.ThenwehaveQC €l

g (qufi" _aqo)n>

qn

p

Since {n € N:%|{k <n [M(

79,90 _
where S={ne€ N:%|{k <n: [M (M)

p

>{| = 6} € I . Then we have a subset S € N such that S¢ € I,

dn

< (i)H | = 8]. Let U¢ = P°U Q° U S° where
3D -

U= {x = (x): {n € N:%lk <n [M (@)rn < (}| > 5}.Therefore
fnen:iik<n:|m (g“qu+“)")]q" <¢}1= 8}

4,90 (2%, dn
QinEN:%HcSn: [M(g((z L )p ¢ )“>] <(3D) }|_ &}
(Zq o __ , an H
M(Q (z9x° — a, )n> - (;D) }l_ 5)

p

1 : 9(aqo=a) H

n{neN.nuc Sn.[M( 0 )] < }|> 5},

Then the result follows. Since the inclusions miS(M, g,q) c lw(M, g,q) and mZO(M, 9,9) cl,(M, g,q) are strict,
then the following results based on theorem 3.3.

1
ninEN:—UcSn:
n
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Theorem 3.4. The spaces m;>(M, g, q) and m;; (M, g, q) are nowhere dense subsets of [.,(M, g, q).

Theorem 3.5. The spaces m{5(M, g, q) and m[3 (M, g,q) are not separable.
= infini _m+1 ifneH
Proof. Let H = {h, < h, < h; < ---} bean infinite subset of N that H € I, @, = { 1 otherwise
Let Qy = {(x,):x, =00r1,neH and x,=0,otherwise}. Since H is infinite, so Q, is uncountable. Consider the
class of open balls B; = [B (Z%) 7 € Qo}. Let C; be an open cover of m;5(M, g,q) and m;>(M, g, q) containing B; .

Since B, is uncountable, so C; cannot be reduced to a countable sub cover for m;3 (M, g, q) as well as m;>(M, g, q). Thus
m;*(M, g, q) and m;5 (M, g, q) are not separable.

Theorem 3.6. Let H = Sup,,q,, < o and | an admissible ideal. Then the following are equivalent
1) x=x)ez"M,g,9)
(2) thereexistsy = (y,) € 2(M, g, q) such that x;,, = y, for aa.kr.l.
(3) thereexistsy = (y;) € 2(M, g,q) and z = (z,) € 25 (M, g, q) such that x,, = y, + z, for all k € N and

(v =0 {n e N2 |t < m M (LE2)jon > o | > ) e 1
(4) there exists a subset K = {k; < k, < k3 < ---} of N such that K € F(I) and lim%[M (g((zq:#)]qn =0
n

Proof. (1)= (2)
Let x = (x) € 2"5(M, g, q). Then for a given £ > 0 and every § > 0, there exists L € C such that

{x = (xk):{n € N:% |{k <n:[M (@)]% = s}l > 6} € I. Let (p;) be an increasing sequence with p; € N, such

that {x = (xk):{n < pj:% |{k <n[M (@)]% 2]‘1} | = 6} € 1. Define a sequence y = (y,) as y, = xy, for all

1 9290, -\ _ .4
k<p,.For pj<k<pjq, JEN, y = Xk fornl[M( P ) <J |25.Then(yk)e z(M, g, q) and
L ogherwise
q — n
from the following inclusion {k Spjixg # yk} c {k < pj:%| [M (@)] > e} |> 6} € 1. We get x;, =y, for

a.a.kr.l.
2=
For (x,) € 2"5(M, g, q), then there exists (y,) € z(M, g, q) such that x, = vy, for a.a.kr.l. Let {k € N: x;, # y,}, then

k € I. Defined a sequence (z;,) as z, = {g" Vi oti;zceliviife' Then (z,) € 255(M, g,q) and (y,) € 2(M, g, q).
R)=®

Suppose (3) holds, Let be given € > 0 and every § > 0.

1 9(z92),\ %"
LetA; = (z = (z): (n e N:2 | {k < m: [M(T)] >e}|26)€l} andK=A§ = by <k, <ky <} EF(I).
Then we have lim=[M (M)]qn =0.

n n p
@)= .
Let K = {k; < k; < ks < -} € F(1) and lim [M (W)]qn =0.
n

Then for any € > 0 and by lemma 2.13,

we have {x = (xk):{n € N:% |{k <n [M (@) o > s}| > 6}
c kU{x=():fne k2|t <n: M (9—“2‘*;)“‘”)]% >e}| 2 6}el

Thus (x;,) € 2°(M, g, q).

Theorem 3.7

Let f = inf,q, and H = sup, q,,, then the following results are equivalent.
1. H<owandf >0
2. 25(M,g,q) = zh,wherezl = {(x,) e W:{k € N;] — limZ9x = 0} € [}

Proof. Suppose that H < oo and f > 0, then the inequalities min{1, s/} < s < max{1, s} hold for any s > 0 and for
all n € N. Therefore the equivalence of (1) and (2) is obvious.

Theorem 3.8

Let M, and M, be two Orlicz functions that satisfy the A, — condition, then
1. W(M,,9,q) € WM My, g,q)
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2. WMy, g,9) "W (M, g,9) € WM, + My, g,q) where W = 2,2z, m;>, m;)

Proof. (1) Let x = (x;) € 25(M,, g, q). Let given & > 0 and every § > 0. For some p > 0, we have

{x = (xk):{n € N:% |{k < n:[M, (w

that M, (i) < e for 0 < i <, we definet, = % [Mz(

)]Qn25}|26}el — ———(1) . Lete > 0andchoose 0 < n < 1 such

Uy .
W)] and consider

lim  [M,(t,)]™ = lim [M,(t)]9+ lim [M,(t,)]% we have
neN:t,>n

NnEN:0st,<n NneN:tp<n

lim [M(t)]% < [M;(k)]"+ lim (t,)9",k = constant,H = supq,, — — — —(2) . The procedure for second
neN:ty<n neN:tp<n
term ((ie) t,, > n),is as follows ¢, < %" <1+ %" Since M, is non decreasing and convex, it follows that

M, (t,) <M, (1 + %") < %Ml (k) + %Ml (knﬂ) Since M, satisfies A,- conditions,

we can write M, (t,) < %K%’Ml (k) + %K (%") M, (k) = I(’%"M1 (k).We were given the following estimates:
. q -1 H i an — — —
sl [My (6] < max(L, (Kn "My ()"} lim_ [£,]% 3)
From (1)-(3), it follows that
{x= o fn e N2 |tk < n: (W)]% >e}|26}el
Hence 2/5(M,, g,q) € 25(M;M,, g,q).
(2) Let (x;) € 25(M;,g,9) N 25(M,, g,q). Let be given £ > 0 and every § > 0. Then there exists p > 0 such that

fx =@ {nen:|tge <n:[m, (@)]qn > e}| 2 6} e 1and

{x = @o:{n e N2 |t <n:[m, (@)]qn >e}| 2 68)el
The following relations to the remainder of the proof
{neN:2| 1M, + M) (@)1% > e} |2 8}
c{nen:t|m, (@)}% > e} 2 6)u{nen:|m, (@)1% > e}] 2 ).

Taking M, (x) = x and M;(x) = M(x) for all x € [0, ). We have the following result.

Corollary 3.9. W € W(M, g, q) where W = 25,25, m;5, m[?
Theorem 3.10. The spaces z§’ (M, g, q) and m;5 (M, g, q) are solid and monotone.

Proof. Let (x;) € 25 (M, g,q). Then for a given £ > 0 and then there exists § > 0, p > 0 such that
{x = (x): {n € N:% |{k <n[M (“’((ZT%)"))]% > s} | = 6} €El————— (1). Let (ay) be a sequence of scalars with

lax| < 1, for all k € N. Since |a;|?* < max{1, |a, |7} < 1, for all k € N, where H = sup q;, = 0. Then the result follows
from the equation (1), and the following inequality
dn
k<n: [M (g—((qu)”)) > ¢|

{nEN:H{kSn: [M(%qx)")) qn28}|silak|qn .

(Z*0)\ "
%)]

1
S—l{kSn:[M( > g].
n

By lemma 2.12, the space 25 (M, g, q) is monotone.
Result 3.11. The spaces z'°(M, g, q) and m!5(M, g, q) are neither monotone nor solid.

Example 3.12, Let I = I and M(x) = x3 for all x € [0, ). Consider the K-step space W, (M, g, q) of W(M, g, q) defined

as follows. Let (x;,) € W(M, g,q) and let (y,) € W, (M, g,q) be such that y,, = {x’(‘) Z:eifweiﬁn

x;, defined by x,, = 1 for all k € N. Then (x;,) € 2/°(M, g, q) but K- step space preimage does not belongs to z'S(M, g, q).
Thus 2/5(M, g, q) is not monotone. Hence 2 (M, g, q) is not solid.

. Consider the sequence

Theorem 3.13. Let ¢ = (g,) and r = (r;,) be two sequences of positive real numbers. Then m;5 (M, g, q) 2 m%s (M, g,)

if and only if lim inf 2% > 0, where K N such that K* € I.
n n
Proof. Let lig{l infz—" > 0and (x,) € m3(M, g, 7). Then there exist 8 > 0 such that q,, > pr,, for all sufficiently large
n n
n € K. Let (x,) € m{3 (M, g, ) then for given £ > 0 and § > 0, we have
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B={x=(){n€N|(k <n:[M (%)]Tn >¢f| = 8f €l LetGy = KU B. Then we get G, € I.

Then for all sufficiently large n € G,
{Co{nen:: |{k <n:[M (9“2"’%)) n>el|26)c {(xk): {n eN:: ‘{k <n: [M (@)]m > e}l > 6} el

(ie) {(xk): {n € N:; |{k <n:[M (g((ZqX)")) n > } > } € I. Therefore (x;) € mi3(M, g, p). The converse part of the
result obviously.

Theorem 3.14. Let g = (q,,) and r = (r;,) be two sequences of positive real numbers. Then mg M,g,1)2 m;f) M,g,9)

if and only if ligg inf;—" > 0, where K € N such that K¢ € 1.
n n
Proof. The proof follows similarly as the proof of theorem 3.13

Theorem 3.15. Let g = (g,) and r = (13,) be two sequences of positive real numbers. Then mg M, g,r) = m;f) M, g,q9)
if and only if llm inf = In 0, and llm lTLf > 0, where K € N such that K¢ € I.

Proof. By comblnmg theorem 3.13 and theorem 3.14, we get the required result.
4 Conclusions

In this study of constructing a new sequence spaces defined by Orlicz function has been employed by several authors.
Although B.Hazarika, K.Tamang,B.K.Sing defined by “Paranormed Zweier Ideal convergent sequence spaces defined
by Orlicz function was studied earlier. In this paper we introduced paranormed Zweier 1S — Convergent sequence spaces
defined by Orlicz function. Further these spaces can be developed for double sequences using Modulus function.
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