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Abstract 

Let 𝐺 be a simple graph. The eccentricity 𝑒(𝑣) of a vertex 𝑣 is the maximum distance between 𝑣 and any other vertex 𝑢 

in 𝐺. We denote 𝑆{𝑒𝑛}(𝑢) = ∑ ℰ(𝑣)𝑣∈𝑁(𝑢)  be the eccentricity neighbourhood 𝑣 ∈ 𝑁(𝑢) degree of u. In this article, we 

found the formula to calculate some eccentric neighbourhood Topological indices of line graph, middle graph and total 

graph of Helm graph. 
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1. Introduction 

Graph theory is applied in the field of molecular structure, represent as an interdisciplinary science which called as 

chemical graph theory or molecular topology. By the means of graph theory, we identified the structural features involve 

structure property activity relationships. Molecules and modelings unknown structures has been classified by 

characterization of chemical structure topologically have the desire properties. In the last 10 years, lot of research works 

have been conducted. Numerical value connected with chemical constitutions of chemical bond structures have many 

physicochemical properties or chemical reactivity or biological activity. The topological indices been introduced by the 

basis of transforming molecular graph to a numeric value which characterize the topology of the molecular graph. 

Molecules and molecular compound are been modeled by molecular graphs. By a molecular graph, we mean a simple 

graph with vertices are often used for atoms and edges where used as bonds. This can be note as many ways by means of 

drawing, by means sequence of numbers, by means of matrix, by means of polynomial or by means of a derived number 

which named as topological index. So a numberic value associated by a graph is called as topological index. Some popular 

topological indices are distance-based, counting related and degree based topological indices. The eccentric 

neighbourhood degree based first, second and third Zagreb index are of the most important. In this research, a graph we 

mean an undirected, simple and finite connected graph. Let 𝐺 = (𝑉(𝐸), 𝐸(𝐺)) be a graph, where 𝑉(𝐺) and 𝐸(𝐺) denoted 

by the vertex set and edge set respectively. The set 𝑁𝐺(𝑣) or 𝑁(𝑣) of all neighbors of 𝑣 is called the open neighbourhood 

of 𝑣. That is, 𝑁(𝑣) = {𝑢 ∈  𝑉(𝐺)|𝑢𝑣 ∈ 𝐸(𝐺)}. The degree 𝑑𝐺(𝑣) = 𝑑(𝑣) of a vertex 𝑣 in 𝐺 is defined as 𝑑(𝑣) =
|𝑁(𝑣)|. The length of the shortest path connecting between two vertices 𝑢 and 𝑣 is termed as the distance between two 

vertices and is denoted by 𝑑{𝐺}(𝑢, 𝑣) 𝑜𝑟 𝑑(𝑢, 𝑣). 

The vertices belonging to a edge are called the ends or end vertices of the edge. Let 𝑊𝑛+1 be the wheel graph, a wheel 

graph is a graph formed by connecting a single vertex (𝑣) to all vertices of a cycle (𝑣𝑖 , 1 ≤ 𝑖 ≤ 𝑛). The line graph, [22] 

of the graph G, written as 𝐿(𝐺), is the simple graph whose vertices are the edges of 𝐺, with 𝑣𝑢 ∈ 𝐸(𝐿(𝐺)) when 𝑣 and 

𝑢 have a common end point in G. An extension of the idea of line graph is the graph valued function referred as a total 

graph. The total graph [22] of G, denoted by 𝑇(𝐺), is the graph whose adjacent vertices corresponds to the union of the 

set of vertices and edges of G, with two vertices of 𝑇(𝐺) is being adjacent if and only if the corresponding element are 

adjacent or incident in G. The middle graph [22] of 𝐺(𝑉, 𝐸), is defined with the vertex set 𝑉(𝐺) ∪ 𝐸(𝐺) where two 

vertices are adjacent iff they are either adjacent edges of 𝐺 or one is a vertex and the other is an edge incident with it and 

it is denoted by 𝑀(𝐺). A numeral can uniquely identify a graph. 

The origin of the topological indices goes back to 1947 by a chemist Wiener named the first topological index, recognize 

as Wiener index [1], used for searching the boiling points and which is defined as W(G) =
1

2
∑ d(u, v)uv ∈ E(G)  . 

Among the topological indices defined in the starting phase, the Zagreb indices are related to most common molecular 

descriptors. Gutman and Trinajstic [2] was first introduced the first, second and third Zagreb indices given as follows: 

𝑀1(𝐺) = ∑ 𝑑𝐺
2 (𝑣) = ∑ (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))

𝑢𝑣∈𝐸(𝐺)𝑣∈𝑉(𝐺)
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𝑀2(𝐺) = ∑ 𝑑𝐺(𝑢)𝑑𝐺(𝑣)

𝑢𝑣∈𝐸(𝐺)

 

𝑀3(𝐺) = ∑ (𝑑𝐺(𝑢) + 𝑑𝐺(𝑣))

𝑢𝑣∈𝐸(𝐺)

 

For more details of those indices see [3][4][5]. 

The eccentricity defined by ℰ(𝑣) = 𝑑𝐺𝑢∈𝑉(𝐺)
𝑚𝑎𝑥 (𝑢, 𝑣) . Also the radius 𝑟(𝐺) and diameter 𝐷(𝐺) of 𝐺 are defined by 𝑟(𝐺) =

ℰ𝑣∈𝑉(𝐺)
𝑚𝑖𝑛 (𝑣) and 𝐷(𝐺) = ℰ𝑣∈𝑉(𝐺)

𝑚𝑎𝑥 (𝑣)  respectively. 

The eccentric connectivity index 𝐸(𝐺) in [6] defined by 𝐸(𝐺) = ∑ 𝑑𝐺(𝑢)ℰ𝐺(𝑢)𝑢∈𝑉(𝐺)  . The eccentric connectivity index 

applications we see [7][8][9] and for the mathematical properties of eccentric connectivity index see [10][11][12]. we 

denote 𝑆𝑒𝑛(𝑢) = ∑ ℰ(𝑣)𝑣∈𝑁(𝑢)  $ be the eccentricity neighborhood degree. H.Ahmed et al in [13] introduced the first, 

second and third eccentric neighborhood Zagreb indices are given as follows: 

𝐸𝑁𝑀1(𝐺) = ∑ 𝑆𝑒𝑛
2 (𝑢)

𝑢∈𝑉(𝐺)

 

 

…………………………………… (1.1) 

          𝐸𝑁𝑀2(𝐺) = ∑ 𝑆𝑒𝑛(𝑢)

𝑢𝑣∈𝐸(𝐺)

𝑆𝑒𝑛(𝑣) 

 

…………………………………… (1.2) 

𝐸𝑁𝑀3(𝐺) = ∑ (𝑆𝑒𝑛(𝑢)

𝑢𝑣∈𝐸(𝐺)

+ 𝑆𝑒𝑛(𝑣)) 

 

…………………………………… (1.3) 

Continuing with this research trajectory, S. Wazzan and H. Ahmed in 2023 [13], the chemical importance and applications 

of eccentric Zagreb indices are found in [23][6] In [24], Aslam et. Al gave formula to find some degree based topological 

invariants of boron triangular nanotube, which is ordered stack of wheel graph. In the following seconds, we find the 

formula to calculate the eccentric neighbourhood Zagreb indices of line graph, middle graph and total graph of Helm 

graphs. 

 

2. Main Results 

2.1.  Eccentric Neighbourhood Zagreb indices of Helm graph 𝑯𝒏, 𝒏 ≥ 𝟒 

Let 𝐺 be a Helm graph 𝐻𝑛 obtained from a wheel graph 𝑊𝑛+1 by adjoining a pendant edge at each vertex of the cycle. 

The graph 𝐻6 is shown in Figure 1 

 
Figure 1: The Helm graph 𝑯𝒏 

 

𝑆𝑒𝑛(𝑢), where 𝑢 ∈ 𝑉(𝐻𝑛) 

 
3 12 3𝑛 

Number of vertices 𝑛 𝑛 1 

Table 1: Vertex partition of 𝑯𝒏 
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(𝑆𝑒𝑛(𝑢), 𝑆𝑒𝑛(𝑣)), 𝑤ℎ𝑒𝑟𝑒 𝑢𝑣 ∈ 𝐸(𝐻𝑛) 

 
(3,12) (12,12) (12,3𝑛) 

Number of edges 𝑛 𝑛 𝑛 

Table 2: Edge partition of 𝑯𝟔 

 

Theorem 2.1. 

Let 𝐺 = 𝐻𝑛 (𝑛 ≥ 6) be a Helm graph. Then  

1. 𝐸𝑁𝑀1(𝐺) = 3𝑛(3𝑛 + 51) 

2. 𝐸𝑁𝑀2(𝐺) = 36𝑛(𝑛 + 5) 

3. 𝐸𝑁𝑀3(𝐺) = 3𝑛(𝑛 + 17) 

Proof 

The Helm graph 𝐺 = 𝐻𝑛 consists of 2𝑛 + 1 vertices and 3𝑛 edges. Based on the eccentric neighbourhood degree sum of 

vertices of 𝐺 we partition 𝑉(𝐺) into subsets as shown in Table 1 and also we partition 𝐸(𝐺) based as the eccentric 

neighbourhood degree sum of end vertices of edges in 𝐺 as shown in Table 2. Using formulae (1.1) – (1.3) to this 

information from Table 1 and Table 2, we obtained the required result. 

 

2.2. Eccentric neighbourhood Zagreb Indices of Line graph of Helm Graph (𝑯𝒏), 𝒏 ≥ 𝟑 

 
Figure 2: The line graph 𝑳(𝑯𝟔) 

 

𝑆𝑒𝑛(𝑢), where 𝑢 ∈ 𝑉(𝐿(𝐻𝑛)) 

 
8 16 2𝑛 + 7 

Number of vertices 𝑛 𝑛 𝑛 

Table 3: Vertex partition of 𝑳(𝑯𝒏), 𝒏 ≥ 𝟔 

 

(𝑆𝑒𝑛(𝑢), 𝑆𝑒𝑛(𝑣)), 𝑤ℎ𝑒𝑟𝑒 𝑢𝑣

∈ 𝐸(𝐿(𝐻𝑛)) 

 

(8,16) (8,2𝑛 + 7) (16,16) (16,2𝑛 + 7 (2𝑛 + 7,2𝑛 + 7) 

Number of edges 2𝑛 𝑛 𝑛 2𝑛 
𝑛(𝑛 − 1)

2
 

Table 4: The edge partition of 𝑳(𝑯𝒏), 𝒏 ≥ 𝟔 

 

Theorem 2.2. Let 𝐺 be the line graph of Helm graph (𝐻𝑛), 𝑛 ≥ 6. Then 

1. 𝐸𝑁𝑀1(𝐺) = 𝑛(4𝑛2 + 28𝑛 + 369) 

2. 𝐸𝑁𝑀2(𝐺) = 𝑛(2𝑛3 + 12𝑛2 +
181𝑛

2
+

1535

2
) 

3. 𝐸𝑁𝑀3(𝐺) = 𝑛(2𝑛2 + 11𝑛 + 140) 

Proof 

The line graph 𝐺 of Helm graph 𝐻𝑛 has 3𝑛 vertices and 
𝑛(𝑛+11)

2
 edges. Based on the eccentric neighbourhood degree sum 

of vertices of 𝐺 we partition 𝑉(𝐺) into subsets as shown in Table 3 and also we partition 𝐸(𝐺) based on the eccentric 
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neighbourhood degree sum of end vertices of edges in 𝐺 as shown in Table 4. Using formulae (1.1) – (1.3) to this 

information from Table 3 and Table 4, we obtained the required result. 

 

2.3. Eccentric Neighbourhood Zagreb indices of middle graph of Helm graph 𝑯𝒏, 𝒏 ≥ 𝟒 

 
Figure 3: Middle graph 𝑴(𝑯𝟔) 

 

𝑆𝑒𝑛(𝑢), where 𝑢 ∈ 𝑉(𝑀(𝐻𝑛)) 

 
3𝑛 + 16 4 20 15 30 3𝑛 

Number of vertices 𝑛 𝑛 𝑛 𝑛 𝑛 1 

Table 5: The vertex partition of 𝑴(𝑯𝒏) 

 

 

Theorem 2.3. Let 𝐺 be the middle graph of Helm graph 𝐻𝑛 , 𝑛 ≥ 4. Then 

1. 𝐸𝑁𝑀1(𝐺) = 𝑛(9𝑛2 + 105𝑛 + 1797) 

2. 𝐸𝑁𝑀2(𝐺) = 𝑛(
9

2
𝑛3 +

9

2
𝑛2 − 209𝑛 + 4724) 

3. 𝐸𝑁𝑀3(𝐺) = 𝑛(3𝑛2 + 202𝑛 + 488) 

Proof 

The middle graph 𝐺 of Helm graph 𝐻𝑛 has 5𝑛 + 1 vertices and 
𝑛(𝑛+23)

2
 edges. Based on the eccentric neighbourhood 

degree sum of vertices of 𝐺 we partition 𝑉(𝐺) into subsets as shown in Table 5 and also we partition 𝐸(𝐺) based on the 

eccentric neighbourhood degree sum of end vertices of edges in 𝐺 as shown in Table 6. Using formulae (1.1) – (1.3) to 

this information from Table 5 and Table 6, we obtained the required result. 
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