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1. INTRODUCTION

The study of fixed point theorems for the contraction mapping in partially ordered metric spaces is initiated in [21] which
is further continued by[19] and applied to periodic boundary value problems of nonlinear differential equations for
proving the existence results under certain monotonic conditions, similarly, the study of hybrid fixed point theorems in a
partially ordered metric space is initiated by [8,9,11] with applications to nonlinear differential and integral equation
under weaker mixed conditions of nonlinearities [10,12] and the references therein. The Dhage iteration technique
encapsulated in a hybrid fixed point theorem is used in this work to examine the existence of approximate solutions to
certain hybrid differential equations with maxima. The findings of this study are novel in the field of nonlinear differential
equations with maxima, according to the authors.

Given a closed and bounded interval | = [III, T]of the real line R for some T > 0, we consider the following HDE of
order periodic boundary value problems,

X' (t)=f (t, max x(é)j

0< é<t

+g (t,orp?th(é)), tel (1.2)
x(0)= X(T)

Forall te J =[0,T]and f,g:J xR —> Rare continuous functions.

By solutions of equation (L.1) we mean a function X € C'(J, R) that satisfies equation (L.1), where C*(J,R) is the
space of continuously differential real- valued functions defined on J .Differential equations with maxima are useful in
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the theory of automated control System applications. There have been several results on existence and uniqueness,
asymptotic stability, and numerical solutions for such equations [1, 20].

The Periodic Boundary Value Problem’s ofnonlinear first order ordinary differential equations have also been a topic of
a great interest since long time. The Hybrid Differential Equation (1.1) is a linear perturbation of first type of the Periodic
Boundary Value Problem of First order nonlinear differential equations. The details of different types of perturbation
appear in [13]. The Special cases of Hybrid Differential Equation (1.1) are

X' (t) = f(t,on;gg X(é)) . tel 1.2)
x(0)=x(T)

X'(t)= g(t,orgggg X(é)j , teld 1.3)
x(0)=x(T)

The hybrid differential equation (1.3) has been studied earlier using Picards method [1].Very recentlyauthors [20]have
initiated the study of initial value problems of first order ordinary nonlinear differential equations via new Dhage iteration
method. However, to the best of author’s knowledge the Hybrid Differential Equation (1.3) is not discussedvia Dhage
Iteration method. Therefore, Hybrid Differential Equation (1.1) is new to the iteration in the set up of Dhage iteration
method. In this paper we discuss the Hybrid Differential Equation (1.1) for approximation of the solutions via a new
approach based upon Dhage iteration method which include the existence and approximation results for Hybrid
Differential Equations (1.2) and (1.3) as special cases which are again new to the theory of differential equations.The next
part contains some preliminaries as well as the primary tool that will be used to prove the paper's major finding.

2. PRELIMINARIES
Throughout this paper,let(E, =, ||. || )denote a partially ordered normed linear space. Two elements x and ¥in E are

said to be comparable if either the relation x = ¥ or y& x holds.Elements of C are comparable if C is totally

ordered (that is chain)
It is known that E is regular if {,, } is a nondecreasing (resp.nonincreasing) sequence in E such that x,, —x* as n— o0

, then x,, = x"(resp.x,, = x ) for all e N .The conditions guaranteeing the regularity of E may be found in[18].

We need the following definitions[8,9]as follows.
Definition 2.1 [9]:A mapping T : E — E is called isotone or monotone nondecreasing if it preserves the order relation

= ,thatis, if x = ¥ implies Tx= Ty forall x, ¥ € E. Similarly, T is called monotone nonincreasing if x== ¥ implies
Tx =Ty forall x, v € E. If T iscalled monotonic if it is either monotone nondecreasing or monotone nonincreasing
on E.

Definition 2.2[9]:A mapping T: E = E'is called partially continuous at a point @ & E if for € = 0 there exists a

& = 0 such that|| Tx — TV||<€ whenever is comparable to & andl|x — all < & Tis called partially continuous
on E if it is partially continuous at every point of it.It is clear that if T is partially continuous on E then it is partially
continuous on every chain Ccontained in E.

Definition2.3 [9]:A nonempty subset 5 of the partially ordered Banach space E is called partially bounded if every chain
C in 5 is bounded. An operator T on partially normed linear space E into itself is called partially bounded if T(E)isa

partially bounded subset of E'.T is called uniformly partially bounded if all chains £ in 7(E) are bounded by a unique
constant.

Definition 2.4 [9]: A non-empty subset 5 of the partially ordered Banach space E' is called partially compact if every
chain C in 5 is relatively compact subset of E.A mapping T:E — E is called partially compact if T(E ) is a partially
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relatively compact subset ofE'. Tis called uniformly partially compact if T is uniformly partially bounded and partially
compact operator on E..T is called partially totally bounded subset S ofE, T(5) is a partially relatively compact subset
of E. If Tis partially continuous and partially totally bounded,then it is called completely continuous on E.

Remark 2.1:Suppose that T i anondecreasing operator on E into itself. Then T i= partially bounded or partially compact
if T(C ) is bounded or relatively compact subset of E for each chain C in E.

Definition 2.5 [9]: The order relation = and the metric & on a non-empty set E are said to be compatible if {Xn }is a
monotone sequence, that is,monotone nondecreasing or monotone nonincreasing sequence in E and if a subsequence
{x”k} of {x,,} convergesto x “implies that the original sequence {x,,} converges to x*.Similarly, given a partially
ordered normed linear space( E, =, |. ||), the order relation = and the norm ||.|| are said to compatible if = and the

metric d defined through the norm

. || are compatible. A subset 5 of E is called Janhavi if the order relation = and the
metric d or norm ||.|| are compatible in it.IfS = E, then E is referred to as Janhavi Banach space.
Particularly, the set R of real numbers with usual order relation < and the norm given by the absolute value function

| . | has this characteristic. Similarly, the finite dimensional Euclidean space R" with usual component wise order
relation and the standard norm possesses the compatibility property and so is a Janhavi Banach space.

Definition 2.6 [9]: An upper semi-continuous and monotone nondecreasing function i : R, — R, is called a D —

function provided l,y(O) =0.Anoperator T : E — E iscalled partially nonlinear D — contraction if there existsa D
- function  such that

|Tx=Ty| <w(x-y])
2.1)

For all comparable elements X, Y € E, where 0 < 1//(r)< r forr >0. In particular, l//(r)= kr,k>0, Tis

called a partial linear contraction on E with a contraction constant K.
The Dhage iteration method embodied in the following applicable hybrid fixed point theorem of [9] in a partially
ordered normed linear space is used as a key tool for our work contained in [10,12,15].

Theorem 2.1 [9]:Let (E, =, || . ||)be a regular partially ordered complete normed linear space such that every compact
chain C of E isJanhavi. Let A, B:E— E be two nondecreasing operators such that
(a)A is partially bounded and partially nonlinear D — contraction

(b) B is partially continuous and partially compact, and
(C) There exists an element X, € E such that X, < Ax, +Bx, 0r X > AX, +BX,.

Then the operator equation AX+ BX = X has a solution X" in E andthe sequence {Xn} of successive iteration defined

by X,., = AX, +Bx,,n=0,123,....... converges monotonically

3. MAIN RESULT

Here, we prove approximation result for Hybrid DifferentialEquation (1.1) on a closed and bounded interval J = [0 , T]
under mixed partial Lipschitz and partial compactness type conditions on the nonlinearities involved in it. We place the
Hybrid Differential Equation (1.1) in the function space C (J ,R) of continuous real-valued functions defined on J .

We define norm || : || and the order relation < in C(J : R) by

[X| =sup[x(®)]
tel

(3.1)
And
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X<yox)gy() foraltel
(3.2

Clearly, C(J , R) is a Banach space with respect to above norm defined in (3.1) and also partially ordered w.r.to the
above partially order relation <. It is known that the partially ordered Banach space C(J , R) is regular amd lattice so

that every pair of elements of E has a lower and an upper bound in it. The following useful lemma concering the Janhavi
Subsets of C(J , R)follows immediately form the Arzela-Ascoli theorem for compactness.

Lemma 3.1: Let (C(J , R), <, ||||) be a partially ordered Banach space with the norm || : || and the orderd relation <

defined by (3.1) & (3.2) respectively. Then every partially compact subset of C(J , R) is Janhavi.
Proof: The proof of lemma is well known and appears in [10,12,14,15].

Lemma 3.2: For any function oe L (J , R), X is a solution to the differential equation

%+ﬂx(t) =o(t), tel
x(0) = x(t)
(3.3)
It is a solution of the integral equation if and only if
T
x(t)=IGl(t, s )o (s)ds (3.4)
0
Where
e/LS—AH—lT
— , If 0 <s<t<T,
_Je" -1
G,(ts)=1 ¢ i (35)
o 7’ 0<t<s<T

Notice that the Green’s function G, is continuous and nonnegative on JxJ and therefore, the number
K, =max { |Gﬁ(t,s )| t,se [0, T]} exists forall AeR™ .
For the sake of convenience, we write G , (t, S) = G(t, S) and K, =K.

Lemma 3.3: If there exists a differentiable function Ue C(J , R) such that
u'@®)+Au(t) <olt) ted (3.6)
u(0) < u(T)

For all

teJ,Where AeR, 1 >0 and oel'(J,R), then

u(0)<[ Gt s)o(s)ds, (37)

ForallteJ , where G (t, S) is a Green’s function given by (3.5)
Proof:Suppose that the function ue C (J \ R) satisfies the inequality given in (3.6).

Multiplying the first inequality in (3.6) by e™,
(e"u(t)) < e*olt)
A direct integration of above inequality from O to t yields
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e”u(t)< u(0)+‘t[eisa(s)ds forall tel. (3.8)

Therefore, in particular

e”u(t)< u(0)+].e“a(s)ds (3.9)
Now u(0)<u(T), so one has

u(0)e’ < u(T)e™ (3.10)
From (3.9) and (3.10) it follows that

i
e”u(0)< u(O)Jrje”“S o (s)ds (3.11)
0
Which further yields

T eis
< ! ma(s)ds (3.12)

Substituting (3.12) in (3.8) we obtain
T
t) SIG(t,S)a(S)deor all ted .
0

Hence the proof is completed.
For getting result we required the following definition.

Definition 3.1: A function ueC* (J : R) is said to be a lower solution of the equation (1.1)
If it satisfies

v <t +9(t max u( ) (3.13)
0)<u(T)

Forall teJ . Similarly, differentiable function VeCl(J . R) is called an upper solution of Hybrid Differential Equation

(1.2)if the above inequality is satisfied with reverse sign.
In what follows, we explore the following set of assumptions:

(A, ) There exists constant >0, >0 with A > u such that

0 <[f(t,x)+ax]-[f(t,y)+2yl< u(x-y)
ForallteJ and X,yeR , x>Yy. Moreover, AKT<1

(A,) There exists a constant M o > Osuch that |g(t,x)| <M, forall ted, x eR
(A,) g(t, x) is nondecreasing in X for each teJ .

(A4) Hybrid Differential Equation (L.1) has a lower solution ueC* (J , R)
Now we consider the following Hybrid Differential Equation
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X'(t) + Ax(t) = f (t, max u(§)j+ g (t, maxu((f)j (3.14)

0< £t 0<é<t

x(0)=x(T)

Forallted :[O,T],Where f(t,maxu(g)):f(t,maxuj+/1u, A>0

0<é<t 0<est

Remark3.1: A function Ue Cl(J ) R) is a solution of the Hybrid Differential Equation (3.13) if and only if it is solution
of the Hybrid Differential Equation (1.1) defined on J .
In the next section, we also explore the following Hypothesis.

(A, ) There exists a constant M ; > O such that f(t, maxu(g)) <M forall teJ and x e R

0<é<t

Lemma 3.4: Suppose that hypotheses (A, ),(A;) and (A ) hold. Then a function x €C(J, R) is a solution of

Hybrid Differential Equation (3.3) if and only if it is solution of the nonlinear hybrid integral equation (in short Hybrid

Integral Equation)
T

x(t):IG(t,s)f(s, max x(§)j ds+l'G(t,s)g[s, max x(g‘))ds for all teJ

5 0<E<s 0<&£<s
(3.15)
Theorem3.1: Suppose that Hypotheses (Al)— (AS) hold. Then the Hybrid Differential Equation (1.1) has a solution X"

defined on J and the sequence {Xn} of successive approximation defined by X, =U

xn+1(t)=1;G(t,s)f (s, max x(§)j ds +'T(|;G(t,s)g(s, max x(f)j ds

0 <¢<s 0<é<s
(3.16)
Forall t € J converges monotonically to X"

Proof:Set E = C(J,R). Then, in view of Lemma (3.1), every compact chain C in E possesses the compatibility
property with respect to the norm || . || and the order relation < so that every compact chain C in Janhavi in E.
Define two operators A and B on E by

Ax(t)z_Tl'G(t,s)f (s, max x(é)j ds,

0 <&<s

ted (3.17)
and

Bx(t)zj([G(t,s)g(s, maxx(é)j ds |

0 <é<s
ted (3.18)
From the continuity of the integral, it follows that A and B define the operators A,B:E — E .
Applying Lemma (3.4), the Hybrid Differential Equation (1.1) is equivalent to the operator equation
Ax(t) +Bx(t)=x(t), ted

Now, we show that the operators A and B satisfy all the condition of theorem (2.1) in a series of following steps

Step I: A and B are nondecreasing on E .
Let X, Y€ E be such that X > Y. Then by hypothesis (Al),we get
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AX(t)= G(t,s)f(s, max x(é))ds

0 <&<s

>

0<&<s

=Ay(t)

Ot——H o t——

Glt,s)f (s, max x((f)jds

Forall teJ.
Next, we show that the operator B is also nondecreasing on E. Let X,y€E be such that X>y. Then X(t) > y(t)

forall teJ. Since y is continuous on [O,t], there exists a /f* e[a,t] such that
y(§*): max y(&). By definition of <, one has X(§*)2 y(f*)

0<&£<t
Consequently, we obtain
max x()> X&) 2y¢7)= maxy(¢)

o<t

Now, using hypothesis(As), it can shown that the operator B is also nondecreasing on E .

Step 11: A is partially contraction and partially bounded on E .
Let X € E be arbitrary. Then by (A, ) we have

.
Ax@)| < [G(ts ds
0

f (s, max x(f))

0<¢&<s

.
SMFJ‘G(t, s)ds
0

<M. KT
For all teJ . Taking the supremum over t. We obtain ||Ax(t) |<M- KT andso, Aisabounded operator on E.

this implies that A is partially bounded on E .
Let X,ye€E suchthat X>Y .Then by (Al) we have

(e

.
I t,s)ulx(s)-y(s)|ds
0

|AX(t) - Ay(t) |<

;
IG s)A[x(s)-y(s)ds ds
0

—

I t,s)[x—y]ds

0

<AKT|x=y|
for all teJ . Taking the supremum over t, we obtain ||AX— Ay ||£ L|| X—Y || forall X,yeE with x>y , Where
L=AKT<1.Hence Aisapartially contraction on E and which also implies that A is partially continuous on E .

Step —I11: B is partially continuous on E
Let {Xn }n . beasequence in a chain C such that X, = X, forall NneN . Then

limBx, (t)= L@OEG&'S)Q(S max X (5)) ds

n—c0 0<é<s

653



Approximating Solution Of Hybrid Differential Equation With Maxima

:IG [Ilmg(s max X (§)ﬂds

n—oo 0<&E<s

:T[G(t, s)g(s,(}rpgv;S X, (§)st
:OBx(t)

For all teJ. this shows that BX, converges monotonically to BX point wise on J.

Now we show that {BXn }neN
Lett,,t,e J with t, <t,.We have

IG t,,s) (s max X, cf)ds IG t,,s) (s maxx(ﬁ)j

0<§<s 0<§<s

is an equicontinuous sequence of function in E .

| Bx, (t,)— Bx, (

T

£I|G(t2,s)—G(tl,s)|

0

g(s max X (5)) ds

0<&<0

ts|ds —0 as t, >t

o'—.—l

Uniformly for all Ne N . This shows that the convergence BXn — BX is uniform and hence B is partially continuous
on.

Step IV: The operatorB is partially compact on E

Let C be an arbitrary chain in E'. We Show that B(C)in uniformly bounded and equicontinous set in E . First we show
that B(C ) is uniformly bounded.

Let v € B(C) be any element and Then there is an another element x € C such that ¥ = Bx,

By hypothesis (4 )

| y@) |=[Bx() |
- EG(t, s)g(s,ongggs x(§)j ds
l‘G(t s)g(s, max_ x(§)j ‘ ds

< KTMg =7
For teJ . Here we acquire supremum over t we obtain || y|| < || Bx || <r, forall yeB(C). Hence B(C) in

uniformly bounded subset of E . Next we show that B (C) is an equicontinous set in E
Let t,t,e J, witht,<t, .Then, forany yeB(C), one has

|y(t)-y(t)]=] Bx(t,)-Bx(t) |
=‘i6(t2,s)g(s, max x(cj))ds J' Glt,, s)g(s, max x(é)) ds

0<£<S 0<¢ <s

T

I|G ~G(t,,s )

0

ds

(s max x(& )
0<¢ <s
<M, ]‘\G(tz,s)—G(tl,,s)\ds

0

—0as t —>t,
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Uniformly for all y e B(C). This shows that B(C) is an equicontinuous subset of E .
So B(C) is a uniformly bounded and equicontinous set of functions in E . Hence it is compact in view of Arzela-Ascoli
theorem. Consequently B : E — E is a partially compact operator of E into itself.

Step V: U satisfies the inequality U <Au+ Bu.

By hypothesis (A4) the equation (1.1) has a lower solution U defined on J .
Then we have

()< (2, u(t))+g(t, maxu(g)j, te (3.19)

0<e<t
u(0)<u(T),
A direct application of lemma(3.3) yields that

u(t) S]'G(t,s) f (s, ,max u(é)jds + T[G(t, s )g(s, gggéu(g:)) ds (3.20)

For teJ, from definitions of the operators A and B it follows that u(t)S Au(t)+ Bu (t ), for all teJ .Hence,
U<AuU+Bu. Thus A and B satisfy all conditions of theorem (2.1) and we apply it to conclude that the operator

equation AX+ BX = X has a solution.Consequently the integral equation and the equation (1.1) has a solution X

defined on J.Furthermore, the sequence {Xn}::o of successive approximation defined by (3.5) converges

monotonically to X .
This completes the proof.
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