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Abstract

This paper presents fractional LC, RC and RL electrical circuits as separate cases. The current and charge over time are
determined using the Sumudu transform method with emf taken as different types of functions. The results are then
simulated using mathematical software.
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1. Introduction

Fractional calculus has become an important area of mathematical research because of its ability to model systems with
memory and hereditary characteristics more accurately than classical integer-order calculus. A comprehensive
mathematical foundation for fractional differential equations was established by Podlubny [24], while the classical
Caputo fractional derivative was introduced by Caputo [25] and has been extensively used in engineering and physical
sciences.

The solutions of fractional differential equations are naturally expressed in terms of the Mittag-Leffler function, which
serves as the fractional counterpart of the exponential function. The two-parameter Mittag-Leffler function was first
introduced by Mittag-Leffler [30], and the one-parameter generalization was studied by Wiman [29]. More recently,
Fernandez, Kiirt and Ozarslan [17] introduced a naturally emerging bivariate Mittag-Leffler function together with its
associated fractional operators, thereby extending the analytical framework of fractional calculus.

To overcome the singularity of classical fractional derivatives, several non-singular operators have been proposed.
Caputo and Fabrizio introduced the Caputo—Fabrizio fractional derivative with an exponential kernel [13,14], while
Atangana and Baleanu proposed the Atangana—Baleanu fractional derivative with a non-local and non-singular Mittag-
Leffler kernel [4]. Abdeljawad [5] further generalized these fractional operators using Mittag-Leffler kernels and
investigated their iterated differintegrals. Anderson and Ulness [3] also introduced conformable derivatives, providing
another generalized framework for fractional differentiation.

Integral transform techniques play a significant role in obtaining analytical solutions of fractional differential equations.
The Laplace transform has been extensively used to solve various classes of fractional differential equations and
investigate stability properties [2,32]. The Sumudu transform, introduced by Watugala [28], has become an efficient
alternative because it preserves the dimensional properties of functions. Its applications to fractional derivatives and
fractional differential equations have been studied by Bodkhe and Panchal [10], Nanaware et al. [21], Nannaware and
Patil [22], Jadhav et al. [19,23], and several other researchers. Another useful integral transform, namely the Shehu
transform, was applied to Atangana—Baleanu fractional derivatives by Bokhari, Baleanu and Belgacem [9], and later
employed in fractional electrical engineering problems by Jadhav et al. [20].

Fractional calculus has found wide-ranging applications in engineering, physics, biology, finance and economics.
Atangana and Baleanu [4] demonstrated its effectiveness in heat transfer problems, whereas Bas and Ozarslan [6]
discussed several real-world applications of the Atangana—Baleanu derivative. Fractional models have also been
developed for COVID-19 transmission by Baleanu, Mohammadi and Rezapour [8], diabetes dynamics by Singh, Kumar
and Baleanu [26], and European option pricing by Yavuz and Ozdemir [31].

Economic systems often exhibit memory-dependent behaviour, making fractional calculus an effective mathematical
tool for their analysis. Takayama's classical work on mathematical economics [27] and the price adjustment model of
Cohen-Vernik and Pazgal [15] provide important foundations for modern economic modelling. Acay, Bas and
Abdeljawad [1] formulated fractional economic models based on market equilibrium, while Akgul, Akgul and Baleanu
[2] employed the constant proportional Caputo derivative in economic models using the Laplace transform. Further
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developments include the application of the Sumudu transform to economic models by Nanaware et al. [21] and
analytical solutions of fractional price adjustment equations by Nannaware and Patil [22].

Several researchers have also contributed to the analytical solution of fractional initial value problems using integral
transforms. Birajdar, Dole and Goufo [11] investigated analytical solutions of fractional initial value problems, while
Debnath and Bhatta [16] provided a comprehensive treatment of integral transforms and their applications. Recent
studies by Jadhav et al. [18-20,23] have further demonstrated the effectiveness of Laplace, Sumudu and Shehu
transforms in solving fractional differential equations arising in engineering and applied sciences.

Motivated by these developments, the present work focuses on the analytical solution of fractional differential equations
involving generalized fractional operators by employing suitable integral transform techniques. The methodology
combines the properties of Mittag-Leffler functions with modern fractional derivatives and integral transforms to obtain
exact analytical solutions, thereby extending existing results in the literature and providing efficient techniques for
solving mathematical, engineering and economic models.

2. Preliminaries
In this section we consider some definitions, theorems, properties and results required in further sections.

Definition 2.1 [29] The classical Mittag-Leffler function with one parameter E (V) is

E)= Zr(ak+1)

Definition 2.2 [30] The classical Mlttag -Leffler function with two parameter is E,, (v)is

E,,(v)= Zr( Py

Definition 2.3 [29] The generalized Mittag-Leffler function is given by

E} ,(v)= ZT(:tk(z);)k' ,vec a, f,nec,Re(a)>0

Where (77) k =n(n+1)....n + k —1) is the pochhammer symbol introduced by Prabhakar. Note that (1) k=k!
and so E, M =E, ;(v).

Definition 2.4 [30] The Mittag-Leffler function for a special function is given by
0 ik ak

E (4,v)= ZF( " ,04eR,vec, Re(a)>0

,vec,fec, Re(a)>0

and
2kpektpel

E, p(A,v) = Zr( Py

It should be noticed that £, | (1,v) = E, (A, V). Also the modified Mittag-Leffler function with three parameters can

0¢/1€R,v,,6’ec,Re(a)>O

be written as

2k ak+ﬁ1(n)k
E] ,(v) = ZF( K+ B)k! Oiﬂ,eR,v,ﬂec,Re(a)>0

Definition 2.5 [12] The left-sided and right-sided Caputo-fractional derivatives of order & are defined by

X

jDaV(x) = ﬁI(X—f)_a V'(‘[) dr
and

‘Div(x) = r((l_—_l)a)j(r—x)a vir)dr, 0<a<l

Theorem 2.1 [10] The Sumudu transform of Caputo fractional derivative is defined by
S sDV(x) @) = u S [v(x)]—u“¥(0) @.1)

Definition 2.6 Let @,/ : [0,00) — R then classical convolution product is
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(6#1)(0) = [ (- s)w(s)ds

Proposition 2.6 Let,/ . [0, OO) — R, then the following property is valid

S[(¢*w)(x)]=uS[ex)]S[y ()]
= ug(u) -y ()

Definition 2.7 [14] The left-sided and right-sided Caputo-Fabrizio fractional derivatives in the Caputo sense of order
« are defined by

M X
CFSDaW(x) — (a) IW'(T) e,u(x—r)dz_
(1-a);
and
M b
CFCD: W(X) - _ (a) IWV(T)/-I(T—X) dr
(1-a);
where 0 <a <1, M(a)is normalization function and £ = _IL
24
Theorem 2.2 [8] The Sumudu transform of CFC fractional derivative w(x)is
« M(a
S[ D wx) | = (1# [S[w(x)]-w(0)] 2.2)

—a+au)

Definition 2.8 [4] The left-sided and right-sided Atangana-Baleanu fractional derivatives in the Caputo sense of order
O are defined by

PED w(x) = (ffog) !w'(r) E, [y(x — z‘)] dr
and
b
PEDIw(x) = — (ffo;)) .!w‘(r) E, [,u(r - x)] dr
where 0 < a <1, B(«)is normalization function and 4 = _IL
-
Theorem 2.3 [9] The Sumudu transform of ABC fractional derivative is defined by
S| D “w(x) | = __B@ [S[w(x)—w(0)]] 2.3)
(1 —a+ou” )

Lemma 2.1 The Sumudu transform of certain functions holds:

i. S[Ea (—ax“ )] __ !

1+ au®

i S| 1- B, (~ax*) | = 1qu

a-1

u

i S[x““EW (—ax® )] =
Proof. Since

i(p+m)! , m!

X =

pr p | (1 . x)(m+1)

1+ au”
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s[E, (—ax“)}% (+m=0)

“ g ! I'(ap+a)
:i(p+m)!(_a)p F((Zp-i-d) ap+a-l1

= p! [(ap+a)

=uali(p+m)'(_a)p uap

p=0 p!
a-1
o— a u .o p—
S|:x lEa’a(—ClX )]:W (. m—())

3. RC Electrical circuit
Let an electric circuit containing a resistance(R) and a inductance(L) are positive constants and E is the applied electro
motive force with zero. According to the Kirchoff's Voltage laws, the equation of the RC series circuit is given by
The voltage drop across the resistance(R)

Ve () = Ri(2)
The voltage drop across the capacitance(C)

V(r)——j()d -9

The ordinary dlfferentlal equation for RC circuit is
Rg'0)+ L2 = B0

The fractional form of above differential equation is
a q(n) _ EQ@)
Dig(t)+ 2 =—" (3.1)
RC R

The fractional equation in ABC sense for the electrical circuit RC is given by

ABCDtaq(t) _ &_@

R RC
I-a
lI-a . . . . .
where 4= = pyA %, p is the fractional time constant and 44, = —— is the time
RC RC
constant in the classical case. Now we obtain the analytical solutions of equation (3.1) considering different source

terms.
CASE-I: Unit step source E(t) = p(t)V ; q(0)=q,(t)V, (g, >0)
Equation (3.1) can be written as

D q(t) = puVp(1) — pg(r)

Applying Sumudu transform, we have
S[ D)= uv - uS[q()]
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B
D[ 5[q(0)]-q] = - uS[a(0)]

S[a®)] {—B(a) + u} = {/ﬂ/ T 12 }

l-a+au” l-a+au”
g B(a)+y(l—a+au“) Vy(l—a+au“)+B(a)qo
[q(t)] 1-a+au” B 1-a+oau”

S[ (t)]— ,uV(l—a+au“) B(a)q,
1 _B(a)+,u(1—a+au“) B(a)+ u(l—a+au®)

714 -

ou”
= +
B(a)+ u(l-a+au”) pou® Mo

Bla)+ul-a)  Bla)+u(—-a)

a

B(a)q, 1
B(a)+u(l-a) 1

pou®
B(a)+u(l-a)

Applying inverse Sumudu transform to the above equation yields

_ w -1
10 s ui—a)”

-1
-« N au® u”
pou”

B(a)+ u(l-a)

a

1+ Hou
Bla)+u(l-a)

B(a)q,

s 1
B(a)+ u(l-a)

uou”
Ba)+u(l-a)

P (el Eg{_( par jta}
Bla)+u(l—a) | (Bl@)+ul-a)

. By, EH par H
Bla)+ui-a) ™| | B@)+u(l-a)

— ) j(t—r)'HEM{—( pax H(z—r)adr
Bla)+ u(l-a)4 “| B+ pu-a)

Case II :- Exponential source E(#)=e “V ; q(0)=gq,()V, (g, >0) equation (3.1) can
be written as
D7 q(0) = uVe™ — pg(0)
Applying the Sumudu transform, we have
S["°Deq(t)|= uS[e |- uS[q(®)]
(l_ﬁg#[s [a(0]-a(0)| = —— S [q(0)]

S[‘f(”]{(l_ggi)aua“‘HW L B@ }

l+au (1-a)+au”
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B(a)+u((1-a)+ou*) lfV (1-a)+au”)+B(a)g,
S[q®)] - =| 4 -
(l-a)+au (l-a)+au
S[q(0)]= W ((-a)+au”) B(a)q,
! (l+au)(B(a)+,u((l—a)+au“)) (B(a)+y((1—a)+au“))
y7.%4 -« 1 ou” 1

+

- B(a)+ u(1-a) [1+ Lo j (1+au) [1 Lo j (1+au)

B(a)+ u(l-a) " B(a)+ u(l-a)

B(a)q, 1
B(a)+ u(l-a) 1+ pou”
Ba)+u(l-a)

Applying inverse Sumudu transform to the above equation yields

uv 0 -« 1 N ou” 1

B(a)+,u(1—a)S - Lo” (1+au) 14 pou” (1+au)
B(a)+ p(l-a) B(a)+ p(l-a)

q(t)=

n B(a)q, g 1
Ba)+u(l—-a) L4 uou”®
B(a)+u(l-a)

e [ B Py R

B(a)+u(l-a)y B(a)+u(l-a)

— _ 2721 el _ Ha )\
S Pl () E{ [B(a)w(l—a)j(t ?) }h

0

T (_ B(a)q, e o e
El,l( aﬂ)dﬂ+B(a)+,u(l—a)Ea’l[ |: (B(a)-l—,u(l—a)j(t 2-) :D

Case I1I: Periodic source E(t) =sinatV ; q(0) =g,V ,(q, > 0) equation (3.1) can be written as,
DI q(t) = wV sinat — g (1)

Applying the Sumudu transform, we have

S| *°Diq(t) |= uVS[sinat]- uS[q(t))]
au

B(a)
2 [Sla0] -] = - S [q(0)]

S[q(t)]{ B(a) a+ﬂ}={ﬂV aw_ Ba) }

l-a+au 1+a*u® 1—-a+au”
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: B(a)+,u(1—a+au“) B Vﬂ%(l—a+au“)+3(0{)qo
[q(t)] l-a+ou” - l-a+ou”

B auyV(l—a+au“) B(a)q,

Sla®]= (1+a2u2)B(a)+,u(l—a+au“) ’ B(a)+,u(1—a+0m"‘)
_ )14 l-« aw___ ou” au
B(a)+,u(l—a) L4 uou® (l+a2u2) 1+ uou” (1+a2u2)
I B(a)+u(1-a) B(a)+u(1-a) |
B(a)q, 1
B(a)+,u(1—a) luaua

5

B(a)+u(1-a)

)

Applying inverse Sumudu transform to the above equation yields

(1) = 714 O -« au . ou” au
B(a)+,u(1—a) [1+ ﬂau“ ] (1+a2u2) (1+ luaua j(1+a2u2)
B(a)+,u(1—a) B(a)+,u(1—05)
B(a)q, -1 1
B(a)+u(1-a) (1+ uau j
B(a)+,u(1—05)

4 LC electrical circuit

Let an electric circuit containing a inductance (L) and a capacitance (C) are positive constants and E is the applied
electro motive force with zero. According to the Kirchoff’s Voltage laws, the equation of the LR series circuit is given
by.

The voltage drop across the capacitance(C)

VR(t) = Ri(?)

The voltage drop across the capacitance(C)
q(®)
V@-—j(w-—

The ordmary differential equation for LC circuit is
Lq"(@)+ L= E0)

The fractional form of above differential equation is
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fH_1
Dg(r)+ 40 TEG
q(t) 7e (0
The fractional equatlon in ABC sense for the electrical circuit LC is given by
DA q(t) = kK*CE(t) - k*q(?) (4.1)

Where,
k2 _ /11—0:

LC

Now we obtain the analytical solutions of equation (4.1) considering different source terms.
Case I :- Unit step source E(t) = p(t)V ; q(0) = ¢q,4, (q, > 0) equation (4.1) can be written as

"Dl q(t) =k Cp(t)—k*q(1)

=k A*"™ is the fractional angular f d k= A isth I fr in the classical
=K, 1s the fractional angular frequency and Kk, _ﬁ 1s the natural frequency 1n the classical.

Applying the Sumudu transform, we have

S| "D*q(1) | = K Cp(t) - kS [q(1)]

L[s[qg) q(0) | = K*Cp(t) - kS [q(1)]

O—a—a )
B(a)z 2 2 B((l)2
S ko |=k"C—————¢(0
[q(t)] (l—oz—ozu”’)2 " (1—a—au“)2 40

B(a)’ +k* (l—oz—ozu”‘)2 sz(l—a—au“)erB(a)zqo

S1q() 2 = 2
[q ] (l—a—au"’) (l—a—au”‘)
B(a)2+k2(l—a—au“) B(a)2+k2(l—a—au“)
S[g)] = KC (1—a)2+2a(1—a)u“ +(0m“)2
PO By + ik (1-a) ][ B@)-ik(1-a)] ke ke
B(a)+ik(1-a) B(a)-ik(1-a)
B(a)’ 9o 1

T8 +ik(1=a) [ Ble) =ik (1-a)] (H ke ][l ko ))

B(a)+ik(1-a) B(a)—ik(1-

Applying inverse Sumudu transform to the above equation yields

sz(l—a)z ’ it ika ‘

TE, . H ika Jt“}dt
“ N Bla)—ik(1-a)

26°C(1-a) | ika .
E | = -
+B(a)2+k2(l—a)2'([ a{ LB(a)+ik(l—a)](t ) :l
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TE ika t* |drt
“N Bla)—ik(1-a)
k’Ca’ 0 ika a
B(a) +k*(1-a) 2£E‘“’“{ (B(a)ﬂk(l a)J(t_T) }
TE ika t* |drt
“N Bla)—ik(1-a)
B(a)q, 0 el 3 ika e
+B(a)2+k2 (1—0{)2 !(t Z-) Ea,—a|: [B(a)—ﬂk(l—a)](t T) :l

T°E IH ika Jt“}dr
“ Bla)-ik(1-a)

Case II :- Exponential source E(¢)=e “V ;q(0)=g,4, (g, > 0)equation (4.1) can be written as,
ABCDtaq(Z) — kZCefat _kzq(t)

Applying the Sumudu transform, we have,

S| "°Drq(t) |=kC 0 +1au) ~k’S[q(0)]
o1
[ S[q)]-4q(0) =k c(1+—au)

S[q(t)][(& +k2} =k*C I __ 3@ ~q(0)

l—oc—omo’)2 (1+au) (l—a—au“)

B(a)’

-k’S
(l—a—au“) [q(t)]

2 a)? 1 2

S[q)] B(Ot)2+k2(1—a—au“)2 :k C(l—a—au ) (1+au)+B(a) o
I (I—Ot—ocu")2 (l—a—ocu”‘)2

sz(l—a—ocu“)2 B(a)2q0

slaw)= : :
(0] (1+au)(B(0{)2+k2(l—a—au“))+B(a)2+k2(l—a—au”)

The expression for the current is,

"(”_Bm < (l)a) I { (B(a)ff:( J(H)a}
o e ) oo ()
+B<i’§ s | i) |
-f“IEM{(B(a;’;:(l_a)}“]df*&:;J

B(a) q, ! _ ika )\
+B(a) +k*(1-a) 2! { (B(a)+ik(1—a)](t ) }
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T°E, .| K ika Jr“]dt
“N Bla)+ik(1-a)

Applying inverse Sumudu transform to the above equation yields,
kQC(l—oc)2 Jt.me’1 (mr"‘)+nEW1 (—m’”‘) .

T
B(05)2+kz(1—0{)2 0 m+n

q@)=

2k2C(1 _a)z J’. mkE, , (mz'“)+ nk,, (—nr“)
0
[

1
. KCa? j. mkE,,, (mz'“ ) +nk,,, (—nr"‘) o
B(a) +k*(1-a)’ 3
’E1,1 I:(_m (t - T))il
B(a)? 4 mE, | (mr“ ) +nk, (—nr”’ )
B(a) +k*(1-a)’ m+n
Where,
ika tka
m= and n =
B(a)—ik(1-a) B(a)+ik(1-a)

Case 111 :- Periodic source E(¢) =sinatV ; q(0)=gq,4, (g, > 0) equation (4.1) can be written as,

D g(t) = k>Csinat —kq(2)
Applying the Sumudu transform, we have

S| "°D}*q(t) | = k*CS [sinat] - k*S [q(1)]

o ke
B(a)’ 2 2 au B(a)’
S ————+k” |=kC - 0
[q(t)]!(laau“ )2 ’ ] (1+a2u2) (l—a—au“ )2 70

2 —a—au®) M 2
B(a)2+k2(10£aua)2] kC(l a-au ) (1+a2u2)+B(a) qy

S [q(t)]{

(l—oz—ozuc‘)2 (l—oz—ozu”’)2
2 2
S[a] - auk C(l—a—au“) . B(a)q,
(1+a’ )(B(a)2 S (r— )2) B(@) +k (1-a-au®)
e { (1-a)’ au 2a(1-au” au (auy’

N = " ;
[q(’)] (l:i(o()Z +kl(1—zx—au" )7) 14 ikow” 4 ikau® (1+a2u3) 1 ikau® I+ ikou” (1+a3u2) 1+ ko 1+ ikau”
B(a)+ik(1-a) B(a)+ik(1-a) B(a)+ik(1-a) B(a)+ik(1-a) B(a)+ik(1-a) B(a)+ik(1-a)

] (1+‘:;1f)
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" B(a)z% 1
B(a) +k*(1-a)’ 1+ ikou” 1+ ikow”
B(a)+ik(1-a) B(a)+ik(1-a) |

Applying inverse Sumudu transform to the above equation yields

O kzzc(lz_a)z j.mEaJ(m'o‘)+nEa,_l(—mr“)z__2 1-cos(m(t-7)) 5

B(a)’ +k (l—a) m+n m

+ 2K Ca - a) szE il )+nEM (—m’ )z'sin(m(t—z'))dz'

B(a)’ +k2 l-a) m+n
k C(Z t mEa 2a mt )+nEa,2a (_nfa) 2a-1 -+
B(a) +k2 . a 2_([ p—— T sm(m(t—r))dr
B(a)’ 9 mk, | (m'“ ) +nk, (—mr“ )
B(a)’ +k* (1—05)2 m+n
Where,
ika ika

"B -ik(-a) " Barik(-a)

5 LR electrical circuit
Let an electric circuit containing a resistance (R) and a inductance (L) are positive constants and E is the applied electro
motive force with E(t). According to the Kirchoff’s Voltage laws, the equation of the LR series circuit is given by,
The voltage drop across the resistance(R)

Ve(t) = Ri(?)
The voltage drop across the inductance(L)

di
V.()=L—
()= %

The ordinary differential equation for RC circuit is
Lq'(t)+ Rq (1) = E(1)

The fractional form of above differential equation is,
R 1
Dri(t)+—q(1) =—E(7)
’ L L
The fractional equation in ABC sense for the electrical circuit RL is given by,

D g (1) = %E(f) — wq(t)

AR

Where, @ = = a)o/il_aa) , 1s the fractional time constant and w, = LR is the time constant in the classical case.

Now, we obtain the analytical solutions of equation (5.1) considering different source terms.
Case I :- Unit step source E(2) = p(t)V; q(0)=¢q,V, (g, > 0)equation (3.1) can be written as

D )= OP(0) - 04 (1)
Applying the Sumudu transform, we have ,
s ABCD“q(t)] =— a)P(t) oS[q(t)]

_B@_rlg0] —q(()):l = %a)— oS [q(1)]

l-a+au
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B 1 B
S[q(t)]{l—a(fo)cu“ +a)} - [Eer l—a(fo)m“ }

[q(t)]!B(a)+a)(l—a+au“)] ;w(l_“+“”a>+3(“)%

l-a+au” l-a+au”
S[a)]= a)(l -a+ au“) B(a)q,
R[B(a)+a)(l—a+au“)] B(a)+a)(1—a+au“)
3 0] -« au”
- R[B(a) +o(l —a)] 1+ wau” wau”

B(a)+w(l-a) b B(a)+aw(l-a)

B(a)q, 1
B(a)+aw(l-a) wau
B(a)+w(l-a)

Applying inverse Sumudu transform to the above equation yields

a

W g l-a au”
R[B(a)+a)(1—a)] 1+ wau” L+ wau”
B(a)+w(l-a) B(a)+aw(l-a)

q(t)=

B(a)q, gl 1
B(a)+o(l-a) wau”
B(a)+aw(l-a)

_ o(l-a) ~ wa .
q(t)_R[B(a)m(l—a)]E“{ LB(a)+a)(1—a)]t ]
L Bla)g, E|- o s

Ba)+o(l-a) B(a)+o(l-a)

o(a) alo} a
R[B(a)+co (1-a) ]I ’“{_EB(an(l—“)}(i—T) }h

Case II :- Exponential source E(t)=e “V; q(0)=¢q,V, (qo > 0) equation (5.1) can be written as

1
ABCD[aq(t) — Ea)efat _a)q(t)
Applying the Sumudu transform, we have
« 1 —a
S["“Drq() = - oS[e |- wS[q()]

B(a)
l—-a+au

[Sla®]-90)]= - 5[40
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s[qa)][

l—a+au”

B(a)

@

+a)}:{ +
R(1+ au)

(1 —a+ou” ) + B(a)q,

l-a+au”

B(a) }

B(a)+a)(l—a+au“) | R(1+auw)
S[q(t)][ l-a+au” ] l-a+au”
S[a)]= a)(l—a + au“) B(a)q,
R(1+au)[B(a)+a)(1—a+au“)] B(a)+a)(1—a+au”‘)
_ 0] -« 1 N au” 1
RI:B(O{)-I—CO(I—C():I L+ oou® (l+au) n oau® (1+au)
I B(a)+o(l-a) B(a)+o(l-a)
B(a)q, 1
B(a)+o(l-a) wou”

B(a)+aw(l-a)

Applying inverse Sumudu transform to the above equation yields,

(1) = w O -« 1 N ou” 1
R[B(a)+a)(1—a)] - wau® (1+au) - wau® (1+au)
I B(a)+o(l-a) B(a)+o(l-a) |
B(a)q, -1 1
B(a)+aw(l-a) 14 wau”

B(a)+o(l1-a)

t wa 1o B
wa . o ) )
+R[B(a)+w(1_a)]£(t—f) Ea,a|: [B(Ot)+a)(l—a)J(t_T) }Eu_a( af)dz-

L B@a, | o o
B(a)+o(l-a) ol B(a)+o(l1-a)

Case 111 :- Periodic source E(¢) =sinatV ; q(0) =g,V

R (qo > 0) equation (5.1) can be written as

ABCDtaq(t) = % wsinat — wq(t)

Applying the Sumudu transform, we have,

S| "Dy (z)] = — oS [sinat]-wS[q(1)]
_ Bl T T
l-a+au” [S[q(t) q(O)] R(1+a2u2) a)S[q(t)]
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S[q(t)]{ B(a) m}{ auw B(@) }

+
l—-a+au® R(+a’u®) l1-a+au”

auw

g B(a)+a)(l—a+au“) ~ W(l_“+a“a)+3(a)CIo
[ l-a+au” - l-a+au”
aua)(l—a+au"‘) B(a)g,

Sla]= R(1+a2u2)[B(a)+(o(l—a +au” )] ’ B(a)+ a)(l—a +au“)

a

_R[B(Oc)f)a)(la)][ I;Zu J(I:Z;uz)-‘-[l OZau“ )}(l;i;uz)

1+ +
I Ba)+o(l-a Ba)+o(l-a

B(a)q, 1
B(a)+w(l-a) wau
B(a)+w(l-a)

Applying inverse Sumudu transform to the above equation yields,

a

a

W o -« au au au

1O B ali-a)] {H vau” J(Hazuz)Tl wau” }(““2“2)

B(a)+o(l-a +B(a)+a)(1—a)
B(a)q, gl 1
B(a)+o(l-a) wau”

_1+B(a)+a)(1—a)

0d 7 I wo(x—a) .
.([a.([é(a)Ea,1 __LB(a)+a)(1—a)j da sm(a(t—x))dx

a)(l—a)2
R[B(a)-‘r a)(l—a)]

B@)dy _[ (o1)° ]

q(t)=

Bla)+to(l-a) “'| |B@)+o(l-a)

6 Conclusion

In this paper, the Sumudu transform method has been successfully applied to obtain analytical solutions of fractional
economic models involving the constant proportional Caputo fractional derivative. The proposed approach provides a
simple, efficient, and systematic procedure for solving fractional differential equations while preserving the physical
dimensions of the original problem. The solutions are expressed in terms of generalized Mittag-Leffler functions and
satisfy the prescribed initial conditions, demonstrating the effectiveness of the transform technique.

The results show that fractional-order models provide a more realistic representation of economic systems by
incorporating memory and hereditary effects that are not captured by classical integer-order models. The combination of
the constant proportional Caputo derivative and the Sumudu transform offers an efficient mathematical framework for
analyzing the dynamic behavior of economic variables and can be extended to various fractional models arising in
economics, finance, engineering, and other applied sciences.
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Future research may focus on extending the proposed methodology to nonlinear, variable-order, and multi-dimensional
fractional economic models. In addition, numerical simulations, stability analysis, and validation using real economic
data may further demonstrate the applicability and predictive capability of the proposed fractional modeling approach.
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