Journal of Survey in Fisheries Sciences 10(2S) 539-549 2023

Star Chromatic Number of the Edge Corona of Two Graph

A. John Kaspar
Department of Mathematics, SRM Institute of Science and Technology, Chennai, India,
ja8952@gmail.com

D. K. Sheena Christy*
Department of Mathematics, SRM Institute of Science and Technology, Chennai, India,
sheenac@srmist.edu.in

Ismail Naci CANGUL
Department of Mathematics, Brusa Uludag University, Gorukle 16059, Bursa-Turkey,
cangul@uludag.edu.tr

Abstract

Graph products are introduced to obtain information on large graphs from similar information on
smaller graphs. One of the most prominent graph products is Corona product of graphs. A more
applicable version of it called as the edge corona was introduced ten years ago. A star coloring of
an undirected graph G is an allocation of colors to every element of vertex set of the graph G such
that no path of order four in G isbicolored. The star chromatic number of G is the minimum colors
required to star color the graph G. Nowadays, the concept of star coloring is very much useful in
tracebacking the IP addresses in networks. In this paper, we establish the exact value of the star
chromatic number of edge corona product of path graph with complete graph, cycle graph, star
graph, complete bipartite graph and any simple graph. Also, we have found the same for edge

corona product of star graph with path graph, cycle graph, complete and any simple graph.

Keywords: Star coloring, corona graphs, edge corona.

1 Introduction

The graphs studied in this paper are simple,
finite and undirected. The notion of star
chromatic number were first initiated by
Branko Griinbaum in the year 1973[8]. A
proper vertex coloring of a graph G is termed
as star coloring of G, if no path on four vertices
in G is 2-colored. In addition to this, the
induced subgraphs obtained by the vertices of
any two colors is a collection of star graphs[1,
5, 8]. A star graph [9] is a complete bipartite
graph of order n + 1 and it is denoted by
K_(1,n). The least number of colors needed to
star color the graph G is the star chromatic
number of G. Fertin et al. [5] has given the star
chromatic number of different graph families

namely cycles, complete bipartite graphs, trees,
outer planar graphs and two dimensional grids.
Also, they investigated and gave bounds for the
star chromatic number of other graph families
namely hypercubes, tori, d-dimensional grids,
planar graphsand graphs with bounded
treewidth.

In [1] Albertson et al. proved that even when G
is both planar and bipartite graph, the problem
of determining whether G has a star coloring
with 3 colors is NP - complete. The problem of
finding an optimal star coloring is NP-hard and
remains so even for bipartite graphs [3, 4].
Gebremedhin et al. [7] gave some works related
to applications and algorithmic approach on
star coloring of graphs. The concept of star
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coloring of graphs G is usedto traceback the IP
address of the attacker withleastcount of
packets [15]. While tracing back the IP
addresses, the routers arerecognisedwith pre-
assigned colors.

Harary and Frucht [6, 9], introduced and
studied the corona product of two graphs. The
corona product is neither commutative nor
associative. The idea of corona graph is used to
represent chemical compounds in Chemistry
[11] and application of this concept include
robotic navigation in networks. When the
system does not resemble the structure of
corona product of graphs then every time one
has to separate the system with binary conflict
relations into equal or almost equal conflict-
free subsystems [12]. In [14], the star chromatic
number was determined for the vertex corona
product of graphs. In [10], Hou et al. introduced
another type of corona product called the edge
corona product. It is easy to observe that edge
corona product of graphs can be applied in
routing functions, transportation networks
based on flights, trains, roads and ships in order
to reach the destination and information seekers
navigating in an information networks as they
contain multiple paths and Hamiltonian paths.
Graph  products and their interesting
applications have been discussed in [13].

Motivated by the above works, in this paper we
study the star chromatic number of the edge
corona product of path graph withnvertices and

complete graph of order n (P_n¢K_n), cycle
graph of same order (P_n¢C_n), star graph of
n+1 vertices (P_n¢K_(1,n)), complete bipartite
graph of order n_1+n_2 (P_n0K _(n_1,n_2)),
simple graph of any order(P_n¢G) and star
graph on n+1 vertices with path on n vertices
(K_(1,n)0P_n), cycle graph on n vertices
(K_(1,n)¢C_n), complete graph on n vertices
(K_(4,n)¢K_n), simple graph of any
order(K_(1,n)0G).

2 Preliminaries

In this section, we recall the definition of edge
corona product of graphs together with some
theorems given in [5, 10]. The basic graph
theory terminologies that are used in this paper
can be found in [2, 9].

The edge corona of two graphs G_1 with
vertices (or nodes) v_1,--v.n and edges
e 1,---e_k and G_2 is obtained by taking k
copies of G_2 and for every edgee m=v_iVv_j
of G_1, joining edges between the end vertices
v_i,v_j of e_m with every vertex of the m”~th
copy of G_2[10] .

Let G_1 be the cycle graph of order 3 (see Fig.
1(a)) and G_2 be the path graph of order 3 (see

Fig. 1(b)). The edge corona G_190G_2 of these
two graphs is shown in Fig. 1(c).

Fig 1. Edge corona of C; and P,

@ o O—0©

(a) G1 (b) G2

Next we recall two useful results:
Theorem 2.1[5] If C, is a cycle withn >3
vertices, then

Xs(Cy) = {

4 whenn=5
3 otherwise.

Theorem 2.2[5] Let K,,,, be the complete
bipartite graph. then

Xs(Kym) = min{n,m} + 1.
3 Main Results

We study the star chromatic number of some
edge corona product of graphs in this section.

Theorem 3.1 Forany n > 4,
Xs(PrOKyp) =n+ 3.(1)
Proof. Let V(B) ={v,, vy, v,} and
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V(Kn) ={ug, up, -, un} . Let V(P,0Ky) =
{ll<x<=snju{y,ll<sysn-11<

z < n}. As in the definition of the edge corona
graph, end vertices v,, v,y € V(P,) are
adjacent to every vertex in{u,,:1 <y <n-
1,1 <z<n}

The star coloring for the vertices of B,0K,
with n + 3 colors is given as follows:

1. For every x € {1,2,---,n}, assign the

color ¢, to v,.

2. Fri<y<n-1land1<z<n,

e Ify+2z+1<n+ 3,thenassign the
color ¢y 4541 tO Uy,

e Ify+2z+1>n+ 3, thenassign the
coloring as star chromatic as given
below:

* ¢y tou,,, wheny + z = 0(modn + 3).
* ¢, touy,, wheny + z = 1(modn + 3).
*

* Cpyq O Uy, Wheny + z =n (modn + 3).

Therefore, y;(P,0K,) <n + 3.
To prove ys(P,0K,) =n+ 3, let us, on the
contrary, assume that y,(B,0Ky) is less than
n+ 3, say xs(B,0K,) = n+ 2. Now, assign
n + 2 colors to the vertices {vy,v,,u,,:1 <
z <n} for proper star coloring. Since
{v1,v2,uy,:1 <z <n} induces a clique of
order n + 2 (say K,,+»), star color the clique of
order n induced by the second copy of K,,,
{u,,:1 < z < n}, with already existing colors
such that c(v,) # c(u,,). By assigning the
same n + 2 colors to the verties of another
cligue induced by the third copy of K, ,
{v3,v4,u3,:1 <z < n} results the
contradiction that one of the path of order four
between these cliques is bicolored. Therefore a
star coloring with n + 2 colors is not possible.
Thus,  xs(P.OK,) =n+3 Hence,
Xs(FOKyp) =n+3.
Note 1.Forn = 2,3, x,(P,0K,) = n + 2.
Example 3.1 Substitute n = 4 in Eqgn. (1). By
Theorem 3.1, we have y,(P,0K,) =4+ 3 =
7 (Fig. 2).
Now assign the star coloring as follows:
c(v1) = c(uzq) = ci5¢(v2) = ¢,

c(v3) = c(ug1) = c35¢(1s) = c(ugz) =
c(V21) = €4;

c(ug3) = c(uyz) = c(uzy) = cs;
C(U14) = c(Uz3) = c(U3z) = Cg;
c(uz4) = c(uz3) = c7.

Fig 2. xs(P4OKy,)

Theorem 3.2 For any n = 4,

(7 n=5
Xs(PrOC) = {6 otherwise.

)
Proof. Let V(B,) = {vy, vy, ..., Un}, V(Cp) =
{ug, uy, ..., uy} and V(B,0C,) = {vy:1 <x <
njuf{u,,:1<ysn—-11<z<n}. Asin
the definition of edge corona graph, the end
vertices v,, v,41 € V(C,,) are adjacent to every
vertex infu,,:1<y<n—-11<z<nj}
Case (i): n = 5, Assign the following 7 colors
for B,¢C,, as star chromatic:

* For every x € {1, ...,5}, assign the color c,
to v,.

« If z = 2,3,4, then assign the color c,,, to
Uqg-

 If z = 3,4,5, then assign the color c,,, to
Upy.

« If z = 4,5, then assign the color c,,; to
Uzy.

« If z = 3,5, then assign the color ¢4 t0 uy,.

« If1<y<41<z<5, then assign the
color ¢; to u,,,Vy = z.
Assign the color c; to the vertices us; and u,;.
For the vertices u;s, U1, Usy, Usy, aSSign the
colors ¢z, ¢4, cg, Cy, respectively. Thus
Xs(BOCy) < 7.
To prove ys(P,0C,) = 7, let us assume that
Xs(BOCn) <7, say xs(POC,) =6 . By
Theorem 2.1, assign six colors to the vertices of
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the set{v,, v, uy,: 1 < z < n}, since {u,,: 1 <
z < n}is a cycle of order 5, it needs four
distinct colors to have proper star coloring, v,
and v, is adjacent to every vertex from
{u,,:1 <z <n}. Star color the vertices of
order 5 of the second copy of C,, with any of the
four existing colors such that c(v,) # c(uy,).
By assigning the same six colors for the another
set of vertices {vs, vy, u3,: 1 < z < n}results a
contradiction that one of the path of order four
between these set of vertices is bicolored. Thus,
Xs(F0Cn) 2 7.
Case (ii): n # 5. Assign the following 6 colors
as star chromatic for p,, O Cy:

* For every x € {1,2, ...,6}, assign the color
c, 1o v,.

* For every x € {7,8, ...,n}, assign the color
¢k, 1 < k < 6to all such vertices v, that
x = kmod6.

» color all the vertices of V(C,Sl)), V(C,Y)),
vy, .. with colors ¢; , ¢; , cs ,
respectively.

» color all the vertices of V(C?), v(C®),
V(C,EM)) , .. with colors ¢, , ¢cs, ¢4,
respectively.

» color all the vertices of V(C,§3)), V(C,(lg)),
vy, .. with colors ¢, , ¢, ¢ .
respectively.

» color all the vertices of V(C,S‘”), V(C,SIO)),
vy .. with colors ¢, , ¢ , ¢,
respectively.

. - () (11)

color all the vertices of V(C,), V(C, ™),
V(C,Em) , .. with colors ¢; , ¢, , ¢35,
respectively.

. - (6) (12)

color all the vertices of V(C,™), V(C,, ™),

ves®y .. with colors ¢, , c3, ¢4,
respectively.

Therefore  x,(P,0C,) <6 . To prove
Xs(B,0C) =6 , let us assume that

Xs(B0Cy) <6, say xs(P0C,) =5 . By
Theorem 2.1, assign five colors to the vertices
{vi,v2,uy,: 1 <z <n}, since {u,,:1<z<

n} is a cycle,v;, and v, are adjacent to each
{uy,:1 < z < n}. Itis possible to star color the
second copy of Cs with any 3 of the existing
colors such that c(v,) # c(u,). Assigning the
same five colors to another set of vertices
{vs, vy, us3,: 1 < z < n}results a contradiction
that one of the paths of order four between these
set of vertices is bicolored. Therefore a star
coloring with five colors is not possible. Thus
Xs(P,0OC,) = 6. Hence y,(P,0C,) =6 for
n # 5.

Note 2. For n = 3, y,(P,0C,) = 5.

The cases considered in Theorem 3.2 are
demonstrated in Example 3.2.

Example 3.2 Case (i): If n =5 in Egn. (2),
then ys(Ps0Cs) = 7.

Assign the star coloring for y,(PsOCs) as
follows:
c(vy) = c(uz1) = c(ugq) = cq5¢(v2)

= c(Uygz) = Cy;
c(v3) = c(uyz) = c35¢(vs) = c(uy3)

= c(uz3) = €4
c(vs) = c(ugs) = c(uzq) = c(uzy) = cs;
c(ugs) = c(uzs) = c(uzs) = c(Uss) = Cg;
c(uqg1) = c(uzz) = c(uzz) = c(Ugq)

= c(uss) = ¢7.
It is obvious that the graph Ps{$Cs accepts a
star coloring.
Case (ii): Letn+#5. Let n =4 in Eqgn. (2).
Then y,(P,0C,) = 6 (See Fig. 3). Assign the
star coloring as follows:
c(vy) = c(uz1) = c1;¢(v2) = ¢y;
c(v3) = c(uzq) = c3;¢(vs) = c(Uyz)

= c(uz1) = Cy
c(uq3) = c(uyy) = c(uzg) = cs;
c(uz1) = c(uz3) = c(uzz) = c(Uzs) = Co-
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Fig 3. xs(P40Cy)
Therefore  xs(P,0K;,) <5 . To prove
Xs(P,OK; ) =5 . Let us assume that

Theorem 3.3 Letn > 4 be a positive integer.
Then

Xs(PnOKl,n) = 5. 3)

Proof. Let V(B) ={vy, vy, .., v} and
V(Kin) ={Uuy,uy,:1<y<n—-11<z<
n}, and V(B 0Ki,) ={v/1<x<n}u
{uy:1<sysn—-1jufu,/l<sy<nl<
z < n}. As in the definition of edge corona
graph, all pairs of end vertices vy, vy, q €
V(B,) is adjacent to every vertex in {u,:1 <
ysn—-1}JU{u,:1<sysn-11<z<

n}.

* For every x €{1,2,..,n}, color the
vertices v, with colors ¢;, ¢,, ¢3, ¢4, Cg,
respectively.

» For every y € {1,2,...,n — 1}, color the
vertices u, with colors c3, ¢4, ¢s, ¢1, ¢z,
respectively.

e For 1<y<5; 1<z<n, color the
vertices u,,, with colors ¢, cs5, ¢1, ¢, c3,
respectively.

e For6<y<nand1<z<n, color the
vertices u,,, as a star coloring as follows:

- If y = 1mod5, then color the vertices
u,,, With color c,.

- If y = 2mod5, then color the vertices
u,,, With color cs.

- If y = 3mod5, then color the vertices
u,,, With color ¢;.

- If y = 4mod5, then color the vertices
u,,, With color c,.

- If y = Omod5, then color the vertices
u,,, With color c;.

Xs(PnOKl,n) <5, say Xs(PnQKl,n) =4 .
Assign four colors to {v,, vy, u, uy,: 1 <z <
n}. Since {uy,u;,: 1 < z < n}isastar graph, it
needs two distinct colors and each {u,,u;,:1 <
z < n} is adjacent to v, and v,. This shows
that v, and v, need another two distinct colors
for proper star coloring. Star color the second
copy of Ky, (i.e. {upuy,:1 <z <nj}) with
any two of colors which already exist such that
c(vy) #c(uy) #{c(uy,) ; 1<z<n}. By
assigning the same four colors to another set of
vertices {vs, vy, U3, usz,: 1 < z < n}, results a
contradiction that one the path of order four
between these set of vertices is bicolored.
Therefore a star coloring with 4 colors is not
possible. Thus xs(P,0Ki,) =5 . Hence
Xs(BOKypn) = 5.

Note 3. Forn = 2,3, xs(P,0K ) = 4.
Example 3.3 Substitute n = 4 in Eqn. (3). By
Theorem 3.3, we observe that y;(P,0K;4) = 5
(see Fig. 4), which can be done by assigning the
colors in the following way:

c(v1) = c(uz) = c1;¢(V2) = ¢35

c(v3) = c(wy) = c3;

c(u11) = c(ugz) = c(Ug3) = c(Ugq) = Cy;
c(uz1) = c(uzz) = c(uz3) = c(uzq) = cs;
c(uz1) = c(usz) = c(uzz) = c(uss) = Ce.

Fig 4. xs(P4OK14)

o3

Theorem 34 Forn>4andn=n, 0orn=
n,,

Xs(PnOKnl,nz) = min{ny, n,} + 4. (4)
Proof. let n=

Case (i): If ny<n, ,
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max{n,n,} =n,. Let V(B) ={ry:1 <x <
n,—=1} , V(Knm,) ={uy11<y<mn;—
Ll<szsmju{w,,1<y<n,—-1,1<
z<ny} and V(BOKn n,) ={v:l<x<
njufu,:1<y<n,-1,1<z<mn}u
wy,:1<y<n,—11<z<n,}. Asinthe
definition of edge corona graph, all end vertices
Uy, U1 € V(B,) are adjacent to each vertex
in {u;1<ysn,-L,1<z<mn}u
w1<y<n,—1,1<z<n,} . Assign
the star coloring as follows:
sForl1<x<n-1,ifx <ny+4, assign
the color c, to the vertex v,.
* For 1<x<n-1, color the vertex v,
with ¢ if x > ny + 4,
ifx = k(modn, +4);1 <k < (n; +4).
*Forl1<y<n,—1,1<z<ny, color the
vertex u,, with ¢y, .1 ify +z < n; + 4.
*For1<y<n,—1;1<z<nycolorthe
vertex u,, with ¢, if y + z = 0(modn, + 4).
*For1<y<2,1<z<n,, if ¢, is the
color of the vertex u,,, then color all the
vertices w,,, with color ¢y.1.
*For3<y<n,—1;1<z<n,,colorthe
vertices w,, with one of the pre-assigned
colors such that c(wy,) # c(vy) # c(Vx—1) #
c(uyz).
Thus Xs(PoOKn, i,
To prove xs(B,OKy, n,
assume that y (B, 0K, n,) <n;+4 , say
Xs(BOKy ) =11 +3 By Theorem
2.2,n, + 1 colors needed for a proper star
coloring to the set {u;,:1 <z <ny;;wy,: 1<
z < n,}. Since the vertices v, and v, are
adjacent to each of the vertices in the set
fui1<z<n}u{w:1<z<n,}, we
need n,+3 colors to star color
{v,v5,u1,:1 < z2<nN}U{w;,:1 <z < ny}.
Star color the second copy of K, ,, with colors
which already exist such that c(v,) # c(u;;) #
c(w;;). Assigning the same n; + 3 colors to
the set {vs, v, U3, 1 <z<n,w3,:1<2z<
n, jresults a contradiction that one of the path

)Sn1+4‘Whenn1<n2
y=n,+4, let us

1,12

of order four between these set of vertices is
bicolored. Thus ys (B, 0Ky, n,) = ny + 3 isnot
possible. Therefore x (B, 0Ky, n,) =11 +4.
Hence xs (P, OKp, n,) =1y + 4.
Case (ii): If n, < n;. Letn = max{n,,n,} =
n, . Let V(B)={w:l1<x<n,—1} ,
V(Kpyn,) = Wyi1<y<n —1,1<z<
njuU{u,,:1<y<n —11<z<n;} and
V(PiOKn, n,) ={tx:1<x<n}jU{wy,:1=<
ysn—L1<z<n}U{u,:1<y<
ny—1;1<z<n;}. As in the definition of
edge corona graph, all end vertices v,, v, 41 €
V' (B,) are adjacent to all the vertices from the
set w,;1<y<sn —1L1<z<n,}uU
{uy1<y<m—-11<z<n;} . Assign
the star coloring as follows:

» For 1 < x <n —1, assign the color c, to
the vertex v, if x < n, + 4.

« For 1 <x <n-—1, color the vertex v,
with ¢, if x > n, + 4;
if x = k(modn, +4); 1 <k < (n, + 4).

*Forl1 <y <n;—11<z<n,, color the
vertex wy,, With ¢y, .1 ify +z <n, + 4.

*For1<y<n; —1;1<z < n,,colorthe
vertex wy,, with ¢, if y + z = 0(modn, + 4).

s For1<y<2,1<z<ny, if ¢, is the
color of the vertex u,,, then color all the
vertices u,,, with color ¢y 1.

*For3<y<n;—1;1<2z<ny,colorthe
vertices u,,, with one of the pre-assigned colors

such  that  c(uy,) # c(vy) # c(Vx—1) #
c(wy,).
Thus x5(P, 0Ky, n,) <1y + 4 wWhenn, < ny.

To prove xs(P,OKp, n,) =Ny +4, let us
assume that x (P,OKp n,) <np+4, say
Xs(BOKy n,) =mnp +3 . By Theorem 2.2,
n, + 1 colors needed for a proper star coloring
to the set {wi,:1<z<n,}u{u,:1<z<
n,}. Since the vertices v; and v, are adjacent
to each of the vertices in {w;,:1 <z <n,}U
{u,,:1 <z <n;}, it needs n, + 3 colors to
star color {vy,v,,wi,:1<z<nyu,l1<
z < nq}. Star color the second copy of K,

1,2
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with existing colors such that c(v,) #
c(wy;) # c(uy,). By assigning the same n, +
3 colors to the set {vs,v,wsz,:1<y<
ny,Uzy: 1 <y <n;} results a contradiction
that onee of the path of order four between
these set of vertices is bicolored. Thus
Xs(POKy n,) =mp +3 is not possible.
Therefore xs(P,OKn, n,) =1, +4 . Hence
Xs(PnOKnl,nz) =n; +4.
Note 4. Forn = 2,3 and n = n; orn = n,,
Xs(PnQKnl,nz) = min{n,, n,} + 3.

The cases considered in Theorem 3.4 are
demonstrated in Example 3.4.
Example 3.4 Case (i): Let n; <n, and let
n=n, =4andn; =2 in Eqn. (4). Then
Xs(PyOKy4) =min{2,4}+4=2+4=6
(see Fig. 4). Assign the star coloring as follows:
c(vy) = c(wzq) = c(wzz) = c(wss)

= c(w34) = ¢, c(V3) = C3;
c(v3) = c(u11) = c35¢(Vs) = c(Ugz) = Cy5
c(Wi1) = c(W1z) = c(Wy3) = c(W1a)

= c(Uz2) = c(uz1) = Cs;
c(Wz1) = c(Wzz) = c(Wy3) = c(Wy4)

= c(uz1) = Ce-
Case (ii): Let n; = n,. By Theorem 3.2 of the
Case (i), it is easy to show that
Xs(PiOKn, n,) = min{ny, n,} + 4.

Fig 5. xs(P4OK34)

€3 cq 4

Notation. Let G be a simple graph of any order
say t and denote the vertices of each copy of G
as u,, where, y represents the corresponding
copy of G and z ranges from 1 to t. We use this
notations in Theorem 3.5 and Theorem 3.9.
Theorem 3.5 Forany n > 4,

Xs(P0G) = xs(G) + 3. )

Proof. Let
Xs(G) =.
Color the vertices of B,0G with r + 3 colors as
follows and it is denoted by o.

« Color the vertex v, with color ¢ such that,
x = k(modr + 3) for each x € {1,2,...,n}
and0 <k <r+3.

« Assign the star coloring to all the copies of
G in P,OG with the color set {c,/y +z+ 1=
k(modr+3); 1<y<n—-1,0<k<r+
3}
It is obvious that o is a proper coloring. Now,
we have to prove that o is a star coloring.
Let P, be any path of order four in B,0G. If
|V(P,) NV(B,)| =4or0 then it is obvious
that, P, is not bicolored. If [V(P,) NV (B,)| =
3then P, is not bicolored, since, any three
successive vertices of B, in B,0G have three
distinct colors. If [V(P,) NV (B,)| = 2 either
P, has two vertices on each copy of G of B,0G
or it has two vertices on two different copies of
G say G; and G; of P,OG. For the former case,
let o(vy) = cx; x = k(modr + 3),0(Vy4q) =
Cms X+ 1 =m(modr + 3) and ¢, # ¢, # ¢
where x +y = [(modr + 3) then P, has
atleast three vertices with different colors.
Therefore P, is not bicolored. For the latter
case, 0(Vy4+1) = Cp; X +1 = m(modr + 3),
0(Vx42) = Cp; X + 2 = p(modr +3) , any
vertex of G; has color ¢4, Obviously, three
sucessive vertices have dstinct color, i.e., P, is
not bicolored. If |V(P,) nV(B,)| =1, since
the number of colors on the three successive
vertices is atleast two and o(v,) is different
from other color then P, is not bicolored. Thus,
Xs(Pa0G) < x5(G) + 3.
To prove y,(P,0G) = xs(G)+3, on the
contrary, let us assume that y,(B,0G) is less
than r + 3, say xs(P,0G) = r + 2. Assignr +
2 colors to the vertices {vy,v,,uy,: 1<y <
n — 1 and z starts from 1 to t} (u,,, refers the
label of vertices of copies of G) for proper star
coloring. Since G has star chromatic number
r + 2, star color the next copy of G with r
colors. By assigning the same r + 2 colors to

V(B) = {vy, vy, ..,v,} and
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another copy of G with same r 4+ 2 colors,
results a contradiction that one of the path of
order four between these vertes sets is
bicolored. Therefore a star coloring with r + 2
colors is not possible. Thus, ys(B,0G) =1 +
3. Hence, xs(P,0G) = xs(G) + 3.
Note 5. For n = 2,3,

Xs(F0G) = xs(G) + 2.
Theorem 3.6 Let n>3 be any positive
integer,
Xs(K1,nOFB) = 5. (6)

Proof. Let V(Ki,) = {vy, vy, ...,Vn+1} and
V(B) = {uy, up, ..., up} . Let V(K ,0K,) =
filsx<n+1u{y,1<ysml<
z < n}. As in the definition of edge corona
graph, all end vertices v,, v, € V(K ,) are
adjacent to each vertex in {u,:1<y<
n; 1 < z < n}. Assign the following 5 colors as
star chromatic for K; ,OB,:

» Assign color c5 to the vertex v;.

» For every x € {2,3,:-,n + 1}, color the
vertices v, with color c,.

* Assign the colors ¢y, c,, 3 respectively to

all the vertices of each copy of B, (i.e.
V{u,,:1<y<n;1<z<nj).
Thus  xs(K1,OP,) <5 . To prove
Xs(KinOP,) =5 . Let us assume that
Xs(K1nOKyn) <5, say xs(KinOKy) = 4. We
must assign three distinct colors to all of the
vertices of P, , {u),;:1<y<ml<z<nj
and we need another two distinct colors to color
the vertices v; and v, as v, and v, are
adjacent with all the vertices in {u,,:1 <y <
n:1 < z < n}, which is a contradiction. Thus
Xs(K1,,OF) = 5. Hence x5(K1,0F,) = 5.

Example 3.5 Substitute n = 4 in Eqgn. (6). By

Theorem 3.6, we observe that ys(K; 4OP,) =

5, (see Fig. 6), which can be done by assigning

the colors in the following way:

c(v1) = cs5;c(v2) = c(v3) = c(va) = c(vs)
= Cy;

c(u11) = c(uz1) = c(uzy) = c(uygy) = cy;

c(u12) = c(uzz) = c(uszz) = c(usz) = ¢3;

c(uy3) = c(uy3) = c(uz3) = c(Us3) = c3;
C(U14) = c(Uzs) = c(U3s) = C(Uss) = C4-

Fig 6. xs(K140P4)

Theorem 3.7 Forany n > 2,
Xs(Kl,nQKn) =n+2. (7)

Proof. Let V(K;,) = {v1, vz, ..., Vp41} and
V(Ky) = {uy, up, ..., up} . Let V(K ,0K,) =
rel<xsn+1jUu{u,,:1<sysnl<
z < n}. As in the definition of edge corona
graph, all end vertices v,, v, € V(Ky,) are
adjacent to every vertex in {u,,:1<y=<
n;1 <z <n}. Assign the following n + 2 -
coloring to K;,0K, as a star chromatic
coloring:

* Assign color ¢, to the vertex v; .

* For every x € {2,3,...,n + 1}, assign the
color ¢, 41 t0 v,.

« For every y€e{l2,..,n} and zE€
{1,2,...,n}, color the vertices u,, with color
Cy.

Thus (K1 nOKy) <n+2 To prove
Xs(K1nOKy,) =2n+ 2, let us assume that
Xs(K1nOKy) <n+2, say xs(KinOKn) =
n+1 , which is not possible since
{vi,v,,u1,:1 < z < n} induces a clique of
order n+ 2 (say K,4,, ). Therefore a star
coloring with n + 1 colors is not possible. Thus
Xs(K1nOKy) 2 n + 2. Hence xs(K;nOKp) =
n+ 2.

Example 3.6Substitute n = 2 in Eqgn. (7). By
Theorem 3.7, we observe that ys(K;,,K;) =
2 4+ 2 = 4 (see Fig. 7), which can be done by
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assigning the colors in the following way:
c(vy) =c¢p, c(v) =c(vz) =c3, c(ug1) =
c(Uuz1) = ¢, c(uq2) = c(uy2) = ¢,

Fig 7. xs(K120K3)

Theorem 3.8 Forany n > 3,

_(6 n=5
Xs(K1nOC) = {5 otherwise

(8)
Proof. Let V(Kin)={vy,vy ", Vns1}
V(C,) = {ug, uy, ..., uy} and V(K;,0Cy) =
{rel<x<sn+1}jU{y,1<sysml<
z < n}. As in the definition of edge corona
graph, all end vertices v,, v, € V(K ) are
adjacent to every vertex in {u,,:1<y<
n;1<z<n}

Case (i): Let n = 5. Assign the following 6-
colors to B,¢C,, as a star chromatic coloring:

* Assign color cg to the vertex v;.

* For every x € {2,3,---,n + 1}, assign the
color cs to v,.

» For every y€e{l2,--,n} and z€
{1,2,---n}, assign the colors cq, ¢, c3, €4, €3 1O
all the vertices of each copy of C,, of order 5.
Thus  xs(K1,0C,) <6 . To prove
Xs(K1n0C) =6 , let us assume that
Xs(K1,0C,) =5, which is not possible since
by Theorem 4, four distinct colors needed for a
proper star coloring and each {u,,:1 < z < n}
is adjacent to v; and v,. This shows that v; and
v, need another two distinct colors. Therefore
a star coloring with 5 colors is impossible.
Thus xs(K;,0Cp) = 6. Hence (K1 ,0C,) =
6.

Case (ii): Letn # 5. Assign the following 5-
colors to B,¢C,, as a star chromatic coloring:

* Assign color cs to the vertex v;.

* For every x € {2,3,--,n + 1}, color the

vertices v, with color c,.

« For every y€e{l2,..,n} and zE€
{1,2,...,n}, assign the colors c¢;, ¢, , c3
respectively to all the vertices of each copy of
C,, of order n.

Thus  xs(K1,0C,) <5 . To prove
Xs(K1,0Cy) =5 , let us assume that
Xs(K1,0C,) = 4, which is not possible since
by Theorem 4, three distinct colors needed for
a proper star coloring and each {u;,:1 <z <
n} is adjacent to v, and v,. This shows that v,
and v, need another two distinct colors.
Therefore a star coloring with 4 colors is not
possible. Thus x(K;,0C,) =5 . Hence
Xs(K1,0Cp) = 5.

Example 3.7Substitute n = 3 in Egn. (8). By
Theorem 3.8, we observe that x (K, 3,C3) = 5,
(see Fig. 8), which can be done by assigning the
colors in the following way:

c(v1) = cs5¢(V2) = c(v3) = c(vy) = Cy5
c(uqq) = Cuy,, = c(uzq) = cy;

c(ugz) = c(uzz) = c(uzz) = ¢y;

c(uiz) = c(uz3) = c(uzz) = ca.

Fig 8. xs(K130C3)

Theorem 3.9 Forany n > 2,
Xs(Kl,nOG) = xs(G) + 2. 9)

Proof. Let
xs(G) =r.
1. Assign the color ¢, to the vertex v; and
for every x € {2,3, ...,n + 1}, assign the color
Cryq 1OV,
2. Assign the star coloring for all the copies

V(Kin) = {vy, vy ..., v} and
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of G in K; ,,0G with colors from the color set
{er/1<k<T}

Thus, xs(K;,0G)<r+2 . To prove
Xs(K100G) <1+ 2,58y x5(K1,06) =1 +1
which is not possible, since we need two
distinct colors for the vertices of K, of
K; ,OG . Therefore, star coloring with r +1
color is impossible. Thus, ys(K;,0G) =1 +
2.

Hence, xs(K1,06G) =1 + 2.

4 Conclusion

The idea of corona graph is used to represent
chemical compounds in Chemistry and
application of this concept include robotic
navigation in networks. In recent times the
concept of star coloring is very useful in day to
day life especially in IP traceback in networks.
With this motive, in this paper, we have
determined the star chromatic number of edge
corona product of path graph with complete
graph, cycle graph, star graph, complete
bipartite graph and any simple graph. Also, we
have found the same for edge corona product of
star graph with path graph, cycle graph,
complete and any simple graph. The future
scope of this paper is to find the star chromatic
number of edge corona product of various
families of graphs and to find the star chromatic
number of neighbourhood corona product of
different families of graphs.
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