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Abstract

The present paper deals with an application of Jacobi polynomial and incomplete H —Function to solve the differential
equation of heat conduction in non-homogeneous moving rectangularparallelepiped. The temperature distribution in
the parallelepiped, moving in a direction of length(x-axis) between the limits x=-1 and x=1has been considered. The
conductivity and velocity havebeen assumed to be variable.
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INTRODUCTION

Partial differential equation of v(X, Y, Z,t)with time t and boundary condition y=0 and y=b, z=0 and z=c with
constant velocity V along x-axis where limit of x is between -1 and 1 then by Carslaw ad Jaeger[16]

820+820+8zu _Va_u_@_o_ _E )
Mo a2 "o | au at Mo

Where E = Heat conductivity
© =Density

L =Diffusivity

o =Specific Heat

Let a parallelepiped [1]-[10] (non-homogeneous) whose conductivity is ,u'(l—uz)and velocity is

Lo [(C1 —-C,)+(c, + Cz)u] where £, 14, ,C,,C, are constants. So from equation (1) we get

0 o 0 o’v o
=t {(1—u2)ﬁ+«cz -a)-(a+e, +2)u>6—ﬂ+u{5’;+ﬁi}=o @

Where 1, = Ll ,Re(c,) >-1,Re(c,) > -1
op
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Solution of the problem

Let v(u,v,w,t) = X(U)Y (V) Z(wW)T (t)

be the solution of partial differential equation (2) then the equation reduces to [11]-[15]:

1dT _ 4 (1_u2)d2X
Td X du?

udy  pdz
Y dv®  Z dw?

dX
+(—¢, +¢, —(c, +c, +2)U)E}+

d2X
du?

Suppose %{(1—&) +(-¢, +¢, —(c, +c, +2)u)2—x} =—gym(m+c, +c, +1)
u

2

ud<z
_lua)z and EW = —,Llﬂ

2

ﬁsz 3
Y dv?

Where @, A constants and ‘m’ is a positive integer .Then from equation (4), (5), (6) we get

%%—I = [—m(m+c1 +¢, +1) — pu(’ +/12)]T
2
(1—u2)(1|T)2(+(—cl +¢, —(c, +c, +2)u)(3—>:+ m(m+c, +¢, +1)X =0

2
+@*v=0

VZ

d
d?z

W2

+2°w=0

Solution of equations (7), (8), (9), (10) is respectively

LoM(M+Cy+Cy +1)+ 1 (@ + A2 ))tJ

T = Mel™
X = P (u)

Y =C,cosav+C, sinawv
Z =C,cosAw+C, sin Aw

Where C,,C,,C,,C,, M are constants.

Hence the general solution of equation (2) is as follows:

U(U,V,W,t) _ e[—(uom(m+cl+c2+1)+#(w2+zz))t] Pn(]%cz) (u)

x[C, cosav +C, sin wv][C, cos Aw+C, sin Aw]

In absence of heat (%)j =0atv=0,v=h
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(auj Qatw=0,w=Db
oW

Thisshowsthat C, =C, =0, o =——, A = —

Then equation (15) reduces to
- (% 1)+ p1(e? + 4 T ¥4
U(U,V, W, t) _ Z Anmllle[ (pgM(M+C,+Cp +1)+u (@’ + ))t] Pngcl,cz) (U)COS(ml—]VCOS(l—jW
o b c
On solving and applying result [17] we get

Z“’: A _ml(c, +c, +2m+1)I'(c, +c, + m+1)
w29 (e 4 m+1)I(C, + M+ 1)

Xj:':[j-l(l_U)q (@+u)* Péq’CZ)(U)COS(nE )v cos(I jv;ﬁ(u v, w) du dv dw

Hence the temperature distribution in moving rectangular parallelepiped is given by

DUV, W 1) = i ml(c, +¢, +2m+1)I'(c, +¢c, + m+1)
U S 29 (e +m+D)I(c, + m+1)

—[pom(m+cl+cz+l)+wrz ngz+é ]t} |
xe{ [b J P(qcz)(u)cos(rnkl) jvcos( :jw

chl o o6 ml |
Hj'l(l u)®* (L+u)= P> (u)cos( . jvcos( . jw #(u,v,w)du dvdw

with Re(c,) > -1,Re(c,) > -1

Incomplete H-function 7/315 (u)and T ; ; (U) as follows:

The incomplete H-function and Gamma functions are defined below [18,19]:

(LI) (al A1 h) (aJ,A )Zp (ai Ai h) (azaAz) (a )
Yo (0;,B)iq =7ps (b, B,),(b,,B,),....(b,,B,)

1
= s,h)u~ds
27i {g( )

n k
y(l—a —As, h)HF(bj + Bjs)HF(l— a; +As)
where g(s,h) = = 1=

ﬁ F(l-b; —B;s) ﬁ [(a; +As)

j=m+1 j=n+2
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and

I (W) =7 [u (al,a,h),(a,-,A,-)z,p} e {u (8 AL), (@ A (8 A)

(0;,B;)1q (b, B,), (b,,B,),.... (b, B,)

1
= s,h)u~ds
27i {g( )

n K
T(l-a,-Ash][]r®; +Bs)] [Td-a; +As)
where G(s,h) = i=1 j=2

ﬁ C(l-b; —B;s) ﬁ [(a; +As)

j=m+1 j=n+2

ch1l

[[]@-uy@+u)=p ()

00-1

nl(c, +¢, +2m+1I(c, +¢c, + m+1)
2771 (c, + m+1I(c, + m+1)

Anmlh =

xCOS(mE) jvcos(lC ]w¢(u v,w)dwdvdu

ml(c, +¢, + 2m+1)I(c, +C, + m+1) § ¢ ¢ 6 o) (mﬂj (V;j
= 1—u)* (1 2 plat,
Ami, 297 (c, +m+1)I(c, + m+1) !2”1( U)" (L+ )™ Ry (u)cos e

xg (u)g, (V)¢ (w)dwdv du

where ¢1(u) = incomplete H-Function in contour form

¢2 (V) =e, ¢3 (W) e

mi(c, +C, + 2m+1)I(c, +C, +m+1) ¢ 2 ¢ 5 oo (ml j [I”j
— 1 G 1 2 Pcl 2
A, 25 (c, + mA)I(C, +m+1) MJ;( u)* (L+u) (u)cos b VCOS 5 W

xypi[@=u)" (@+u)™" [e e dwdvdu

By the definition of incomplete H-function

ml(c, +¢, + 2m+1)I(c, +¢, + m+1) &5 7 6 m(6.0) (ml j (Ifrj
— 1 G 1 ZPCI 2
A, 2971 (¢, + m+1)I(c, +m+1) -O[;';-[l( W d+u) (1) cos b ) e )

il[jg(s h)(@—u)®@+u)® ds}e"’ve *dwdvdu
L
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ml(c, + ¢, + 2m+1I(c, +c, + m+1) j{(l_ W) (L ) P& (u)
2% %1 (c, +m+)T(c, +m+1) 2 "

\2 oW I
[ Ig(s hy(1— u)rS(lJru)tsds}x[J'e n cos( b jvdeJ‘e cos[ . ]wdw}}dz

2 __a-b
Let I, = fe 7 cos| 2= |vdv _b ’7(12 29 cgsznlﬁ)
b (b°n°+m°7z%)

Anmlll =

(19)

9 I 2 1_ —ocC I
and I, = D e C05[1—ﬂjwdw} _col-e coslm)
0

c (c*5% +1°7%)
On putting the value of I and I, in equation (19) we get,

ml(c, +¢, +2m+1)I'(c, +¢, + m+1) b’c’ns(l—e ™ cosm,z) (1—e * cosl,7)

271 (c, + m+DI(c, + m+1) (b*n* +m?’r’ (c*5% +17°7%)

'A\ﬂmll1 =

><j[ (L—u)* (L+u)= P> (u) {ij. g(s,h)(L-u)* (L +u)® ds} du
%1 27y

ml(c, +¢, +2m+1)I'(c, +¢, + m+1) b’c’ns(l—e ™ cosm z) (1—e* cosl )
2% (¢, + m+1)I'(c, + m+1) (b’n? + m?z?) (c?5% +1727%)

A\ﬂmll1 =

1
xif a(s, h)“ L-u)>*"™ (L +u)%"e plas) (u)du}ds
2riy e

On applying result [17]

ml(c, +¢, +2m+1)I'(c, +¢, + m+1) b’c’ns(l—e ™ cosm,z) (1—e * cosl,7)
201+C2+1F(C1 +m +1)F(C2 +m +1) (bznz + n,]12”_2) (C252 + |127Z'2)

'A\ﬂmll1 =

', +rs+hI'(c, +ts+1)
I'(c,+c, +rs+ts+2)

1
% s, h 2(;1+cz+rs+ts+1
27i L[ 9(s.h)

x,F,(-n,c,+¢c, +n+1lc +rs+1c +1,c +C, +rs+ts+2;1)ds

ml(c, +¢, + 2m+1DI(c, +c¢, + m+1) b’c*p5(@1—e ™ cosm, )
2% (¢, + m+1)I'(c, + m+1) (b*n* +m’7?)

Anmlll =

- e % cosl, ) T(c, +rs+1)I'(c, +ts+1)
(c’5%? +1°7%)  T(c +c, +rs+ts+2)

I'(-m+N)I'(c,+c,+m+N+1) I'(c,+rs+N+1)
I'(—m) I'(c,+c,+n+1) I'(c,+rs+1)

1
25(r+t) S, h
* 27i !g( )
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I'(c, +1) U(c,+C, +rs+ts+2) z"
r'c,+N+)TI'(c,+c,+rs+ts+N+2) N!

A - ml(c, +c, +2m+1)T(c, +1) 25" no[l— ()™ e ™][1- (-1 e ]
™ 27T (e, + m+1)I(c, + m+1) ( , mf,ﬁ] ( , |12;T2j
no+ b? o+ o

y I'(c,+rs+1+N)I'(c,+¢c, +m+1+N)I'(c, +ts+1) T'(—m+ N)
I'(c,+c, +rs+ts+2+N)I'(c, +1+ N) I'(—m)

ZN
J:g(s,h)mds

_ml(c, +c, +2n+)T(c, +1) nofl—(-D™e ™][1-(-1)' ]
™ T +m+D)I(C, + m+1) ( , le;zzj ( , Ilz;zzj
n+ o+

b2 c?

y I'(c,+c, +m+1+N) F(—m+N){F(cZ+ts+1)F(c1+rs+1+N)i

j 259 g (s, h)ids
I'(c, +1+N) I'(—m) I'(c,+c,+rs+ts+2+N) 2rxi N!

L

On putting the value in equation (16) we get

0 —nb l, o—5C
DUV, Wt = 1_1 Z ml(c, +¢, +2n+1)I'(c, +1) no[l—(-)™e ™1 [1— (-1 e ]
2°7%7bC pm-o T(C, +m+DI(c, + m+1) , Mz’ : W7t
n+ o+
b? c?
2 mlz I12 (6.65) m,zz |,z
xexp| —q oM+, +C, +1) + ur b—2+C—2 t | P,*%’ (u)cos Y Vv COS o w

L D tc+m+1+N) TEmaN) oy (@A X) (@, A, (a+B+N+2,1+1)
NIT(c, +1+N)  T(em) /e (B+L1) (@+N+11)(b; ).,

2(r+t) p:|

Similarly,
0 | __ml—rb __I1—5c
UV W, 1) = 1_1 Z ml(c, +¢, +2n+1)I'(c, +1) no[l—-(-D)™e ™ ][1—-(-1)*e ]
2°7%70C o L(C, +m+1I'(c, + m+1) ( , mﬁgj ( , |127[2J
n+—r: 0"+
b c
2 mlz I12 (6.65) m,zz |,z
xexp| —q oM+, +C, +1) + ur b—2+C—2 t | P,*%’ (u)cos Y VoS o w

L (G +C+m+1+N) TEmM+N) oo (@ A,x) (@A), (@a+B+N+2r+t)
NIT(c, +1+ N) [(-m) o2 (B+LY) (@+N+1r)(b; B))y,

2(I’+l) p:|
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Particular cases

(@) If C +C, —Othenwehave%_,uo((l u) +(02 Cl—zu)g]wﬂu(
u

m!2m+1)I'(c, +1)

10(2S) 1414-1422

noll- (=)™ e "1 [1- (-1

o

o’v v

_Jzo

+6\N2

ef&:]

>

m,my, =0

v(u,v,w,t) :bi
c

2

xexp{—{yom(m +1) + ur’ [rg—lz

I'(m+1+N) T'(-m+N)
NIT'(c, +1+ N) TI'(-m)

Similarly

I'(c, +m+1Ir(c, + m+1) (

|2
!

n+2,k

p+1,0+2

m!(2m+1)TI'(c, +1)

) mlzﬂ' 12
+ 02

(@ AU) @, A),, (N+2,r+t)
(c, +1,t) (¢, + N +1r)(b; (C,) ;)

noll— ()" e "] [1- (="

C
_ZJ} } P‘°1°2)(u)cos(ml jvcos(l ”jw
C b c
2(I’+t) p:l

ef&t]

>

m,my, =0

v(u,v,w,t) =b£
c

2

xexp{—{yom(m +1) + ur’ [rg—lz

I'(m+1+N) I'(-m+N)
NIT(c, +1+N) TI'(-m)

(b) If ¢, =C, =0 then we have % = 1t [(1

2 00

I'(c, +m+1Ir(c, + m+1) [

2
1
+ 2

n+2,k

p+1,0+2

2+_nH2”
b2

(@ A,u) (@;,A),, (N+2,r+t)
(c, +1,t) (¢, + N +1,r)(b; (c;))s

ov o’v  o°v
g T O e

m!2m+1) ps[l-(-)"e™][1-(-1)"e ]

v(u,v,w,t) =—

xexp{—{,uo(m +1) + ur’ (&-FC—

bc m,my, |, =0 (r(m +1))2

2

b2

n+

y I'(m+1+N) I'(-m+ N)

NICL+N)  [(-m)

p+1,q+2

m-z

7))
e el

(a,ALu) (8, A),, (N+2,r+1)
(1’ t) (N +1! r) (b] (Cz)j)l,q

n’ +

I 2

2.k

za
c

! J} } P‘°1°2)(u)cos(ml jvcos(lﬂjw

C b c

2(r+t) p:l

]:o

2(r+t) p:|
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V(v wt) = = i m!2m+1) nofl—(-)™e™1[1-(-1)"e*]

bC m,my L =0 (r(m +1))2 (772 + rnlzﬂ-z J (52 + I127Z'2 j

b? c?

2 2
xeXp| —1 gt (M +12) + ur’ [?—2“1—2} t Pm(u)cos[%jvcos(ll—ﬁjw
c C

T(M+1+N) T(-m+N) _., [@AU) @A), (N+2r+t)
NIC@+N)  T(=m) P92 @ t) (N+Lr)(b; (c,);)q

(r+t)

CONCLUSIONS

In this paper, we have successfully used the Jacobi polynomial and incomplete H-function to solve the heat equation.
Apart with this, we have also generated some particular cases to validate our method and results. For further study, we
can take some new approach with new functions. We can also compare their results as well in our future work.
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